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I. ÂÑÒÓÏ

Áiëüøiñòü îïóáëiêîâàíèõ ïðàöü, ùî äîñëiäæó-
þòü ðåæèìè íàäïîâiëüíî¨ ðóõîìî¨ õâèëi íåéòðîííî-
ÿäåðíèõ ïîäiëiâ ó ðiçíèõ ïàëèâíèõ ñåðåäîâèùàõ ÿäåð-
íèõ ðåàêòîðiâ, ðîçãëÿäàþòü ¨õ àáî â 1D-ãåîìåòði¨,
àáî â öèëiíäðè÷íié 3D-ãåîìåòði¨, íàïðèêëàä, [1�12].
Îäíàê ðîçâiäîê, ùî ñòîñóþòüñÿ âèâ÷åííÿ ðåæèìiâ
íàäïîâiëüíî¨ ðóõîìî¨ õâèëi íåéòðîííî-ÿäåðíèõ ïîäi-
ëiâ ó ñôåðè÷íié 3D-ãåîìåòði¨, âêðàé ìàëî, íàïðèêëàä,
[13�16]. Ó íàâåäåíèõ âèùå ïðàöÿõ [13�16] äëÿ ìîäå-
ëþâàííÿ ðóõîìî¨ õâèëi ïîäiëiâ ó ñôåðè÷íié ãåîìå-
òði¨ âèêîðèñòàíî ïðîãðàìíèé ïàêåò MCNP, â îñíî-
âó ðîáîòè ÿêîãî ïîêëàäåíî ìåòîä Ìîíòå-Êàðëî, à
ñàìi ïóáëiêàöi¨ äåìîíñòðóþòü ìîæëèâiñòü ôîðìóâà-
ííÿ íàäïîâiëüíî¨ ðóõîìî¨ õâèëi íåéòðîííî-ÿäåðíèõ
ïîäiëiâ ó ñôåði. Ó öié ñòàòòi ïîñòàâëåíî çà ìå-
òó äîñëiäèòè íàäïîâiëüíó ðóõîìó õâèëþ íåéòðîííî-
ÿäåðíèõ ïîäiëiâ ó ñôåðè÷íié 3D-ãåîìåòði¨ (ðèñ. 1)
çà äîïîìîãîþ ÷èñåëüíîãî ðîçâ'ÿçàííÿ ñèñòåìè äèôå-
ðåíöiéíèõ ðiâíÿíü, ùî îïèñóþòü äèíàìiêó çìií íó-
êëiäiâ i íåéòðîíiâ ó ñôåði, áåç çàñòîñóâàííÿ ìåòî-
äó Ìîíòå-Êàðëî i ñòîðîííiõ ïðîãðàìíèõ ïàêåòiâ. Iç
öi¹þ ìåòîþ ðîçðîáëåíî ñèñòåìó êiíåòè÷íèõ ðiâíÿíü
äëÿ íåéòðîíiâ i ïàëèâíèõ íóêëiäiâ, ÿêi îïèñóþòü ðå-
æèì ðóõîìî¨ õâèëi íåéòðîííî-ÿäåðíèõ ïîäiëiâ â óðàí-
ïëóòîíi¹âîìó ñåðåäîâèùi íà íàäòåïëîâèõ íåéòðîíàõ
(ñïåêòð åíåð ié ìà¹ âèãëÿä ñïåêòðà òåïëîâîãî ðåàêòî-
ðà, àëå åíåð iÿ íåéòðîíiâ çìiíþ¹òüñÿ â iíòåðâàëi âiä
1�7 åÂ, ñåðåäíÿ åíåð iÿ íåéòðîíiâ � 3 åÂ). Ðåæèì
ðóõîìî¨ õâèëi íåéòðîííî-ÿäåðíèõ ïîäiëiâ iíiöiþ¹òüñÿ
âíóòðiøíiì äæåðåëîì íåéòðîíiâ (iç ãóñòèíîþ ïîòî-
êó Φ0 = 1020íåéòð./(ñì2 · ñ) i ñåðåäíüîþ åíåð i¹þ íåé-
òðîíiâ 3 åÂ) â ïàëèâíîìó ñåðåäîâèùi, ïî÷àòêîâèé
ñêëàä ÿêîãî: 99.28 % óðàíó-238 i 0.72 % óðàíó-235.
Îñíîâíèì ïîäiëüíèì íóêëiäîì, ùî ñòâîðþ¹ ðåæèì
ðóõîìî¨ õâèëi, ¹ íóêëiä ïëóòîíiþ-239, ÿêèé óòâîðþ-
¹òüñÿ ëîêàëüíî â áëèçüêié äî âíóòðiøíüîãî äæåðåëà
äiëÿíöi âiäïîâiäíî äî ëàíöþæêà ðåàêöié:

238
92 U + n→239

92 U
β−

→ 239
93 Np

β−

→ 239
94 Pu, (1)

äå ÷åðåç 238U, 239U, 239Np, 239Pu ïîçíà÷åíî âiäïîâiä-
íi içîòîïè óðàíó, íåïòóíiþ i ïëóòîíiþ, ñèìâîëîì n
� íåéòðîí, ñèìâîë β ïîçíà÷à¹ áåòà-ðîçïàä. Ó òàêîìó
ðåàêòîði îñíîâíèì ïàëèâîì áóäå 239Pu. Õàðàêòåðíèé
÷àñ òàêî¨ ðåàêöi¨ ðiâíèé ÷àñó äâîõ áåòà-ðîçïàäiâ, ùî
äîðiâíþ¹ ïðèáëèçíî τ = 2.3 · ln 2 ≈ 3.3 äíÿ.

Ðèñ. 1. Ñõåìà õâèëüîâîãî ãîðiííÿ ó ñôåðè÷íié ãåîìåòði¨:
1 � âíóòðiøí¹ äæåðåëî íåéòðîíiâ; 2 � ïàëèâíå ïîäiëüíå
ñåðåäîâèùå; 3 � ëîêàëüíà äiëÿíêà õâèëüîâîãî íåéòðîííî-

ÿäåðíîãî ãîðiííÿ)
Fig. 1. A sketch of the wave burning in spherical geometry:
1 � inner source of neutrons; 2 � �ssile material; 3 � local

area of wave nuclear �ssion

Íà äåÿêié âiäñòàíi âiä âíóòðiøíüîãî äæåðåëà íåé-
òðîíiâ, ÿêà çàëåæèòü âiä õàðàêòåðèñòèê äæåðåëà
íåéòðîíiâ, ñêëàäó i ãåîìåòði¨ ïàëèâíîãî ñåðåäîâè-
ùà, ó äåÿêié ëîêàëüíié äiëÿíöi øâèäêiñòü óòâîðåí-
íÿ ïëóòîíiþ-239, âiäïîâiäíî äî ëàíöþæêà ÿäåðíèõ
ïåðåòâîðåíü (1), âèùà âiä øâèäêîñòi éîãî ñïàäàííÿ
ãîëîâíî çà ðàõóíîê ðåàêöi¨ éîãî äiëåííÿ ïiä ÷àñ çà-
õîïëåííi íåéòðîíiâ. Ó öié äiëÿíöi íàêîïè÷óâàòèìå-
òüñÿ ïëóòîíié-239 i éîãî êîíöåíòðàöiÿ ïðàãíóòèìå äî-
ñÿãíóòè çíà÷åííÿ �ðiâíîâàæíî¨� êîíöåíòðàöi¨. �Ðiâíî-
âàæíîþ� êîíöåíòðàöi¹þ ìè íàçèâà¹ìî òàêó êîíöåí-
òðàöiþ ïëóòîíiþ-239, çà ÿêî¨ øâèäêiñòü éîãî óòâîðå-
ííÿ äîðiâíþ¹ øâèäêîñòi éîãî ñïàäàííÿ. ßêùî óìîâè
äèíàìiêè íàêîïè÷åííÿ ïëóòîíiþ òàêi, ùî ðiâíîâàæíà
êîíöåíòðàöiÿ ïëóòîíiþ-239 áiëüøà âiä éîãî êðèòè÷íî¨
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êîíöåíòðàöi¨, òî â öié äiëÿíöi â ÿêèéñü ìîìåíò ÷à-
ñó êîíöåíòðàöiÿ ïëóòîíiþ-239 ïåðåâèùèòü éîãî êðè-
òè÷íó êîíöåíòðàöiþ, ùî çàïóñòèòü ïðîöåñ ëàíöþãî-
âîãî åêñïîíåíöiéíîãî çðîñòàííÿ êîíöåíòðàöi¨ íåéòðî-
íiâ ó öié äiëÿíöi, ùî ñâî¹þ ÷åðãîþ ñòàíå ïðè÷è-
íîþ ðiçêîãî çáiëüøåííÿ øâèäêîñòi ñïàäàííÿ êîíöåí-
òðàöi¨ ïëóòîíiþ-239 çà ðàõóíîê ðåàêöié çàõîïëåííÿ
íåéòðîíiâ ÿäðàìè ïëóòîíiþ-239. Ïðîöåñ ëàíöþãîâîãî
åêñïîíåíöiéíîãî çðîñòàííÿ êîíöåíòðàöi¨ íåéòðîíiâ ó
öié äiëÿíöi çóïèíèòüñÿ òîäi, êîëè êîíöåíòðàöiÿ ÿäåð
ïëóòîíiþ-239 ñòàíå ìåíøîþ âiä éîãî êðèòè÷íî¨ êîí-
öåíòðàöi¨. Òàê ðåàëiçó¹òüñÿ øâèäêèé ïåðåõiä äåÿêî¨
ëîêàëüíî¨ äiëÿíêè ïîäiëüíîãî ñåðåäîâèùà â íàäêðè-
òè÷íèé ñòàí i íàçàä ó ¨¨ ïiäêðèòè÷íèé ñòàí. Çi ñâîãî
áîêó öå iíiöiþ¹ àíàëîãi÷íèé ïðîöåñ ó ñóñiäíié äiëÿí-
öi. Òàê óòâîðþ¹òüñÿ ðåæèì ðóõîìî¨ õâèëi íåéòðîííî-
ÿäåðíèõ ïîäiëiâ ÿäåð ïàëèâíîãî ïîäiëüíîãî ñåðåäîâè-
ùà.
Çàóâàæèìî, ùî ïàëèâíå ïîäiëüíå ñåðåäîâèùå, ó

ÿêîìó ðåàëiçó¹òüñÿ ðåæèì ðóõîìî¨ õâèëi íåéòðîííî-
ÿäåðíèõ ïîäiëiâ, çàãàëîì óâåñü ÷àñ ïåðåáóâà¹ â ïiä-
êðèòè÷íîìó ñòàíi, à ëîêàëüíèé íàäêðèòè÷íèé ñòàí
êîðîòêî÷àñíî ðåàëiçó¹òüñÿ ëèøå â çîíi õâèëüîâîãî
íåéòðîííî-ÿäåðíîãî ãîðiííÿ, íàïðèêëàä, [1].
ßêùî â ïî÷àòêîâîìó ñêëàäi ïîäiëüíîãî ñåðåäîâèùà

íàÿâíå ïåâíå çáàãà÷åííÿ ïî iíøîìó ïîäiëüíîìó íó-
êëiäó, â öüîìó ðàçi ïî óðàíó-235, ùî íå ïåðåâîäèòü
ñåðåäîâèùå â íàäêðèòè÷íèé ñòàí, òî öåé íóêëiä âè-
ãîðà¹ çà ðàõóíîê ðåàêöié çàõîïëåííÿ íåéòðîíiâ. Ó çà-
äà÷i â ïàëèâíîìó ñåðåäîâèùi íàÿâíå çáàãà÷åííÿ íà
0.72 % óðàíó-235. Âîíî çàáåçïå÷ó¹ âèêîíàííÿ êðèòå-
ðiþ õâèëüîâîãî íåéòðîííî-ÿäåðíîãî ãîðiííÿ (ðiâíîâà-
æíà êîíöåíòðàöiÿ ïëóòîíiþ áiëüøà âiä éîãî êðèòè-
÷íî¨ êîíöåíòðàöi¨) ó çîíi ãîðiííÿ íà íàäòåïëîâèõ íåé-
òðîíàõ, ÿê ïîêàçàíî â ðîáîòi [10].

II. ÔIÇÈ×ÍÀ ÌÎÄÅËÜ ÕÂÈËÜÎÂÎÃÎ

ßÄÅÐÍÎÃÎ ÃÎÐIÍÍß Ó ÑÔÅÐI

Ðîçãëÿíüìî äâi ñôåðè ç ðàäióñàìè R i R0 (R0 < R)
òà ñïiëüíèì öåíòðîì.
Íåõàé ñôåðà ç ðàäióñîì R0 ¹ äæåðåëîì íåéòðîíiâ

i íà ¨¨ ïîâåðõíi çàäàíî ïåâíó êîíöåíòðàöiþ íåéòðî-
íiâ, à ïðîñòið ìiæ ïîâåðõíÿìè öèõ äâîõ ñôåð çàïîâ-
íåíî ïðèðîäíèì óðàíîì (99.28 % � óðàí-238, 0.72 %�
- óðàí-235), ÿêèé îïðîìiíþ¹òüñÿ íåéòðîíàìè. Óðàí-
238 ó ðàçi ïîãëèíàííÿ íèì íåéòðîíà ïåðåòâîðþ¹òüñÿ
â óðàí-239, ÿêèé ïîòiì óíàñëiäîê äâîõ áåòà-ðîçïàäiâ
iç õàðàêòåðíèì ÷àñîì τβ ≈ 3.3 äíÿ ïåðåòâîðþ¹òüñÿ
â çäàòíèé äî ÿäåðíîãî äiëåííÿ içîòîï ïëóòîíié-239.
Ó öüîìó ñåðåäîâèùi ìîæå âèíèêíóòè õâèëÿ ÿäåð-
íîãî ãîðiííÿ ïëóòîíiþ-239. Öÿ ñèñòåìà ¹ ñôåðè÷íî-
ñèìåòðè÷íîþ.
Äëÿ ñôåðè÷íî-ñèìåòðè÷íî¨ çàäà÷i íåéòðîííà êiíå-

òèêà, à îòæå i êiíåòèêà íóêëiäiâ çàëåæàòèìå ëèøå âiä
ðàäióñà r i ÷àñó t.
Ç óðàõóâàííÿì çàãàÿíèõ íåéòðîíiâ êiíåòèêà òàêî¨

õâèëi îïèñó¹òüñÿ ñèñòåìîþ ç äåâ'ÿòíàäöÿòè äèôåðåí-
öiéíèõ ðiâíÿíü ó ÷àñòèííèõ ïîõiäíèõ çi çâîðîòíè-
ìè íåëiíiéíèìè çâ'ÿçêàìè ùîäî 19 ôóíêöié n(r, t),

N5(r, t), N9(r, t), N8(r, t), NPu(r, t), ÑPu
i (r, t), Ñ5

i (r, t),
N̄Pu(r, t), N̄5(r, t) äâîõ çìiííèõ r i t, ÿêó ìîæíà çàïè-
ñàòè òàê.
Ñïåðøó çàïèøiìî êiíåòè÷íå ðiâíÿííÿ äëÿ êîíöåí-

òðàöi¨ íåéòðîíiâ:

∂n(r, t)

∂t
= D ·∆n(r, t) + q(r, t), (2)

äå îá'¹ìíà ãóñòèíà ëîêàëüíîãî äæåðåëà q(r, t):

q(r, t) =

[
ν(Pu)

(
1− p(Pu)

)
− 1

]
· n(r, t) · VnσPu

f ·NPu(r, t) +
[
ν(5)

(
1− p(5)

)
− 1
]
· n(r, t) · Vnσ5

f ·N5(r, t)

+ ln 2

6∑
i=1

 Ñ (Pu)
i

T
i(Pu)
1/2

+
Ñ

(5)
i

T
i(5)
1/2

− n(r, t) · Vn ·
( ∑

5,8,9,Pu

σic ·Ni(r, t) +
6∑
i=1

[
σi(Pu)
c · Ñ (Pu)

i (r, t) + σi(5)
c · Ñ (5)

i (r, t)
])

− n(r, t) · Vn ·
(
σeff(Pu)
c · N̄ (Pu) + σeff(5)

c · N̄ (5)
)
, (3)

äå n(r, t) � êîíöåíòðàöiÿ íåéòðîíiâ, D � êîåôiöi¹íò
äèôóçi¨ íåéòðîíiâ, Vn � ñåðåäíÿ øâèäêiñòü íåéòðîíiâ
(E = 3 åÂ, îäíîãðóïîâå íàáëèæåííÿ), ν(Pu) i ν(5) � ñå-
ðåäíÿ êiëüêiñòü ìèòò¹âèõ íåéòðîíiâ çà îäèí àêò äiëå-
ííÿ 239Pu i 235U âiäïîâiäíî, N5(r, t), N9(r, t), N8(r, t),
NPu(r, t) � êîíöåíòðàöi¨ 235U, 239U, 238U, 239Pu âiäïî-

âiäíî, ÑPu
i (r, t) i Ñ5

i (r, t) � êîíöåíòðàöi¨ íåéòðîííî-
íàäëèøêîâèõ óëàìêiâ äiëåííÿ 239Pu i 235U, N̄Pu(r, t),
N̄5(r, t) � êîíöåíòðàöi¨ âñiõ iíøèõ óëàìêiâ äiëåííÿ

239Pu i 235U, σc i σf � ìiêðîïåðåðiçè ÿäåðíèõ ðå-
àêöié ðàäiàöiéíîãî çàõîïëåííÿ íåéòðîíà ÿäðîì i äi-
ëåííÿ ÿäðà ïiñëÿ çàõîïëåííÿ íåéòðîíà, ïàðàìåòðè pi

(p =
6∑
i=1

pi) i T
i
1/2, ùî õàðàêòåðèçóþòü ãðóïè çàãàÿíèõ

íåéòðîíiâ, äëÿ îñíîâíèõ ïàëèâíèõ ïîäiëüíèõ íóêëiäiâ
âiäîìi i, íàïðèêëàä, íàâåäåíi â [17, 18]. Ùîá âèâåñòè
ðiâíÿííÿ äëÿ q(r, t), ùî âðàõîâó¹ çàãàÿíi íåéòðîíè,
âèêîðèñòàíî ìåòîä Àõi¹çåðà�Ïîìåðàí÷óêà [19].
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Îñòàííi ÷ëåíè ó êâàäðàòíèõ äóæêàõ ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (3) çàäàíî çãiäíî ç ìåòîäîì óñåðåäíåííÿ
åôåêòèâíîãî ïåðåðiçó äëÿ �øëàêiâ� [20], íàïðèêëàä, äëÿ óëàìêiâ äiëåííÿ ÿäåð:

n(r, t) · Vn
∑

i=fission fragments

σic · N̄i(r, t) = n(r, t) · Vnσeff
c · N̄(r, t). (4)

Îòæå, îòðèìó¹ìî òàêó ñèñòåìó ç 19 êiíåòè÷íèõ ðiâíÿíü:

∂n(r, t)

∂t
= D · ∂

2n(r, t)

∂r2
+D · 2

r
· ∂n(r, t)

∂r
+ q(r, t), (5)

∂N9

∂t
= Vn · n(r, t)

[
σ8
c ·N8(r, t)− σ9

c ·N9(r, t)
]
− 1

τβ
·N9(r, t), (6)

∂N5

∂t
= −Vn · n(r, t) · (σ5

c + σ5
f ) ·N5(r, t), (7)

∂N8

∂t
= −Vn · n(r, t) · σ8

c ·N8(r, t), (8)

∂NPu

∂t
=

1

τβ
·N9(r, t)− Vn · n(r, t) · (σPu

c + σPu
f ) ·NPu(r, t), (9)

∂Ñ
(Pu)
i

∂t
= pi · Vn · n(r, t) · σPu

f ·NPu(r, t)− ln 2 · Ñ
(Pu)
i

T
i(Pu)
1/2

, i = 1− 6, (10)

∂Ñ
(5)
i

∂t
= pi · Vn · n(r, t) · σ5

f ·N5(r, t)− ln 2 · Ñ
(5)
i

T
i(5)
1/2

, i = 1− 6, (11)

∂N̄ (Pu)

∂t
= 2 ·

(
1−

6∑
i=1

pi

)
· Vn · n(r, t) · σPu

f ·NPu(r, t)− Vn · n(r, t) · σeff(Pu)
c · N̄ (Pu)(r, t), (12)

∂N̄ (5)

∂t
= 2 ·

(
1−

6∑
i=1

p
(5)
i

)
· Vn · n(r, t) · σ5

f ·N5(r, t)− Vn · n(r, t) · σeff(5)
c · N̄ (5)(r, t). (13)

Ðiâíÿííÿ (5) ¹ ðiâíÿííÿì (2), ÿêå çàïèñàíî â ñôåðè÷íié ãåîìåòði¨ äëÿ ñôåðè÷íî-ñèìåòðè÷íî¨ çàäà÷i.
Ãðàíè÷íi óìîâè:

n(r = R0, t) =
Φ0

Vn
, n(r = R, t) = 0, (14)

äå Φ0 � ãóñòèíà ïîòîêó íåéòðîíiâ, ñòâîðåíîãî âíóòðiøíiì ñôåðè÷íèì äæåðåëîì íåéòðîíiâ (ñôåðà ç ðàäióñîì
R0).
Ïî÷àòêîâi óìîâè:

n(r = R0, t = 0) =
Φ0

Vn
, n(r = R, t = 0) = 0, (15)

N8(R0 < r < R, t = 0) = 0.9928 · ρ8

µ8
·NA ≈ 0.9928 · 19

238
·NA,

(16)

N5(R0 < r < R, t = 0) = 0.0072 · ρ5

µ5
·NA ≈ 0.0072 · 19

235
·NA,

äå ρ8, ρ5 � ãóñòèíè (ã/ñì3) óðàíó-238 i óðàíó-235 âiäïîâiäíî, µ8, µ5 � ìîëÿðíi ìàñè (ã/ìîëü) óðàíó-238 i
óðàíó-235 âiäïîâiäíî, NA � ÷èñëî Àâî àäðî,

N9(R0 < r < R, t = 0) = 0, NPu(R0 < r < R, t = 0) = 0,

Ñ
(Pu)
i (R0 < r < R, t = 0) = 0, Ñ

(5)
i (R0 < r < R, t = 0) = 0, (17)

N̄ (Pu)(R0 < r < R, t = 0) = 0, N̄ (5)(R0 < r < R, t = 0) = 0, i = 1− 6.
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Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i ìè âçÿëè òàêi çíà÷åííÿ ñòàëèõ äëÿ äèôåðåíöiéíèõ ðiâíÿíü [10]:

D = 2 · 104 ñì2/ ñ, Vn = 106 ñì/ñ, τβ = 3.3 äíÿ, ν(Pu) = 2.9, ν(5) = 2.41,

σPu
f = 477.04 áàðí, σPu

c = 286.15 áàðí, σ8
c = 477.04 áàðí, σ5

f = 136.43 áàðí,

σ5
c = 57.61 áàðí, σ9

c = 4.8 áàðí, σeff(Pu)
c = 10.1 áàðí, σeff(5)

c = 10.1 áàðí,

σi(Pu)
c = 1 áàðí, σi(5)

c = 1 áàðí, i = 1− 6, T
1(Pu)
1/2 = 54.28 ñ, T

2(Pu)
1/2 = 23.04 ñ,

T
3(Pu)
1/2 = 5.6 ñ, T

4(Pu)
1/2 = 2.13 ñ, T

5(Pu)
1/2 = 0.62 ñ, T

6(Pu)
1/2 = 0.26c, T

1(5)
1/2 = 55.72 ñ,

T
2(5)
1/2 = 22.72 ñ, T

3(5)
1/2 = 6.22 ñ, T

4(5)
1/2 = 2.3 ñ, T

5(5)
1/2 = 0.61 ñ, T

6(5)
1/2 = 0.23 ñ,

p
(Pu)
1 = 0.072 · 10−3, p

(Pu)
2 = 0.626 · 10−3, p

(Pu)
3 = 0.444 · 10−3, p

(Pu)
4 = 0.685 · 10−3,

p
(Pu)
5 = 0.18 · 10−3, p

(Pu)
6 = 0.093 · 10−3, p

(5)
1 = 0.21 · 10−3, p

(5)
2 = 1.4 · 10−3,

p
(5)
3 = 1.26 · 10−3, p

(5)
4 = 2.52 · 10−3, p

(5)
5 = 0.74 · 10−3, p

(5)
6 = 0.27 · 10−3. (18)

Ïåðåðiçè íåéòðîííî-ÿäåðíèõ ðåàêöié äëÿ íóêëiäiâ çàäàâàëè ¨õíiìè óñåðåäíåíèìè çíà÷åííÿìè çà íàäòåïëîâîþ
äiëÿíêîþ åíåð ié íåéòðîíiâ (1.0�7.0 åÂ) [10].

III. ×ÈÑÅËÜÍÅ ÌÎÄÅËÞÂÀÍÍß ÕÂÈËÜÎÂÎÃÎ ßÄÅÐÍÎÃÎ ÃÎÐIÍÍß Ó ÑÔÅÐI

Äëÿ ÷èñåëüíîãî ðîçâ'ÿçàííÿ íàâåäåíî¨ âèùå ñèñòåìè äèôåðåíöiéíèõ ðiâíÿíü íåîáõiäíî çàìiíèòè íàÿâíi òàì
äèôåðåíöiéíi îïåðàòîðè íà ðiçíèöåâi îïåðàòîðè.
Òîìó ìè àïðîêñèìóâàëè ðiâíÿííÿ (5), ùî îïèñó¹ êîíöåíòðàöiþ íåéòðîíiâ, òàêîþ ÿâíî-íåÿâíîþ ðiçíèöåâîþ

ñõåìîþ:

ni+1
j − nij
dt

=
D

2

(
ni+1
j−1 − 2ni+1

j + ni+1
j+1

dr2
+
nij−1 − 2nij + nij+1

dr2

)

+
D

2

(
2

rj

ni+1
j+1 − n

i+1
j−1

2dr
+

2

rj

nij+1 − nij−1

2dr

)
+

1

2
·Qij · (ni+1

j + nij) +Oij , (19)

äå nij = n(ti = i · dt, rj = R0 + j · dr), i = 1, 2, 3, . . . , T, j = 1, 2, . . . , N − 1, N = R−R0

dr ,

Qij =
[
ν(Pu)

(
1− pPu)

)
− 1
]
· VnσPu

f ·NPu(rj , ti) +
[
ν(5)

(
1− p(5)

)
− 1
]
· Vnσ5

f ·N5(rj , ti)

− Vn ·

 ∑
5,8,9,Pu

σkc ·Nk(rj , ti) +

6∑
k=1

[
σk(Pu)
c · Ñ (Pu)

k (rj , ti) + σk(5)
c · Ñ (5)

k (rj , ti)
]

− Vn ·
(
σeff(Pu)
c · N̄ (Pu) + σeff(5)

c · N̄ (5)
)
,

Oij = ln 2

6∑
i=1

 Ñ (Pu)
i

T
i(Pu)
1/2

+
Ñ

(5)
i

T
i(5)
1/2

 . (20)

Ïåðåïèøiìî âèðàç (19)

ajn
i+1
j−1 + bijn

i+1
j + cjn

i+1
j+1 = −ajnij−1 + (2− bij)nij − cjnij+1 + dt ·Oij , (21)

äå

aj = 0.5 ·D · dt ·
(

1

rj · dr
− 1

dr2

)
, cj = −0.5 ·D · dt ·

(
1

rj · dr
+

1

dr2

)
, bij = 1 +D · dt/dr2 − 0.5 · dt ·Qij .

(22)
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Òàê ìè çàìiíèëè ðîçâ'ÿçàííÿ äèôåðåíöiéíîãî ðiâ-
íÿííÿ (5) íà ðîçâ'ÿçàííÿ ñèñòåìè ç N − 1 àë åáðà¨-
÷íèõ ðiâíÿíü (21).

Äëÿ ÷èñåëüíîãî ðîçâ'ÿçàííÿ äèôåðåíöiéíèõ ðiâ-
íÿíü, ùî îïèñóþòü êiíåòèêó íóêëiäiâ, ÿêi áåðóòü
ó÷àñòü ó íåéòðîííî-ÿäåðíèõ ðåàêöiÿõ, âèêîðèñòà¹ìî
ìåòîä Åéëåðà.

Ðîçãëÿíüìî íóêëiä Nk, êîíöåíòðàöiÿ ÿêî-
ãî îïèñó¹òüñÿ ôóíêöi¹þ Nk(r, t). Òîäi, ÿêùî
∂Nk(r=rj ,t=ti)

∂t = f(Nk(r = rj , t = ti), rj , tj), òî

Nk(r = rj , t = ti+1) = Nk(r = rj , t = ti) (23)

+∆t · f(Nk(r = rj , t = ti), rj , tj), ti+1 = ti + ∆t.

Ðåçóëüòàòè çàñòîñóâàííÿ íàâåäåíèõ âèùå ðiâíÿíü
ïîêàæåìî â íàñòóïíîìó ðîçäiëi.

Ðèñ. 2. Êîíöåíòðàöiÿ íåéòðîíiâ ïiä ÷àñ îïðîìiíåííÿ ïîòî-
êîì Φ0 = 1020 íåéòð./(ñì2 · c)

Fig. 2. Neutrons concentration for the �ux
Φ0 = 1020 neutr./(cm2 · s)

Ðèñ. 3. Êîíöåíòðàöiÿ 235U ïiä ÷àñ îïðîìiíåííÿ ïîòîêîì
Φ0 = 1020 íåéòð./(ñì2 · c)

Fig. 3. 235U concentration for the �ux
Φ0 = 1020 neutr./(cm2 · s)

Ðèñ. 4. Êîíöåíòðàöiÿ 238U ïðè îïðîìiíåííi ïîòîêîì
Φ0 = 1020 íåéòð./(ñì2 · c)

Fig. 4. 238U concentration for the �ux
Φ0 = 1020 neutr./(cm2 · s)

Ðèñ. 5. Êîíöåíòðàöiÿ 239U ïiä ÷àñ îïðîìiíåííÿ ïîòîêîì
Φ0 = 1020 íåéòð./(ñì2 · c)

Fig. 5. 239U concentration for the �ux
Φ0 = 1020 neutr./(cm2 · s)

IV. ÐÅÇÓËÜÒÀÒÈ ×ÈÑÅËÜÍÎÃÎ

ÌÎÄÅËÞÂÀÍÍß ÕÂÈËÜÎÂÎÃÎ ßÄÅÐÍÎÃÎ

ÃÎÐIÍÍß Â ÑÔÅÐI

Ó ìåæàõ íàøî¨ ðîáîòè ïðîâåäåíî êîìï'þòåðíèé
åêñïåðèìåíò iç ãóñòèíîþ ïîòîêó íåéòðîíiâ
Φ0 = 1020 íåéòð./(ñì2 · c). Äæåðåëî áóëî ïîñòié-
íî óâiìêíåíî, à éîãî ïîòiê íå çìiíþâàâñÿ ç ÷àñîì.
R0 = 1 ñì, R = 1 ì.

Ïîêàæåìî é îïèøåìî âiäïîâiäíi ãðàôiêè äëÿ êîí-
öåíòðàöié íåéòðîíiâ i êiëüêîõ íóêëiäiâ.

Iñòîòíi çìiíè êîíöåíòðàöié íóêëiäiâ i íåéòðîíiâ ñïî-
ñòåðiãàëèñÿ áåçïîñåðåäíüî êîëî âíóòðiøíüîãî äæåðå-
ëà íåéòðîíiâ, òîìó íà ãðàôiêàõ çîáðàæåíî ëèøå ëî-
êàëüíó äiëÿíêó õâèëüîâîãî íåéòðîííî-ÿäåðíîãî ãîði-
ííÿ. Òàêîæ ïîìiòíà òåíäåíöiÿ ïîâiëüíîãî çìiùåííÿ
öi¹¨ äiëÿíêè ïîäàëi âiä âíóòðiøíüîãî äæåðåëà.
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Ðèñ. 6. Êîíöåíòðàöiÿ 239Pu ïiä ÷àñ îïðîìiíåííÿ ïîòîêîì
Φ0 = 1020 íåéòð./(ñì2 · c)

Fig. 6. 239Pu concentration for the �ux
Φ0 = 1020 neutr./(cm2 · s)

ßê âèäíî ç ãðàôiêiâ ðèñ. 2�6, âíóòðiøí¹ äæåðå-
ëî íåéòðîíiâ �âèïàëþ¹� óðàí-238 i óðàí-235. Çàõî-
ïëþþ÷è íåéòðîí, óðàí-238 ïåðåòâîðþ¹òüñÿ â óðàí-
239, ÿêèé ñâî¹þ ÷åðãîþ ìîæå ÷åðåç äâà áåòà-ðîçïàäè
ïåðåòâîðèòèñÿ ó ïëóòîíié-239. Îäíî÷àñíî óðàí-239
òàêîæ âèïàëþ¹òüñÿ íåéòðîííèì ïîòîêîì. Óòâîðåíèé
ïëóòîíié-239 àêòèâíî âèãîðà¹, ùî íå ñïðèÿ¹ íàêîïè-
÷åííþ êðèòè÷íî¨ êîíöåíòðàöi¨ ïëóòîíiþ. Ç iíøîãî áî-
êó, ïîäàëi âiä äæåðåëà, äå êîíöåíòðàöi¨ íåéòðîíiâ íå
íàñòiëüêè âåëèêi, óòâîðþ¹òüñÿ áiëüøå ïëóòîíiþ i âií
âèïàëþ¹òüñÿ ïîâiëüíiøå.
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Íà îñíîâi ðîçðîáëåíî¨ êiíåòè÷íî¨ ñèñòåìè ðiâíÿíü
çìîäåëüîâàíî ðóõîìó õâèëþ íåéòðîííî-ÿäåðíèõ ïîäi-
ëiâ ïëóòîíiþ ó ñôåðè÷íié 3D-ãåîìåòði¨ é ïðåäñòàâëå-
íî ðåçóëüòàòè, ùî ñâiä÷àòü ïðî ðåàëiçàöiþ öi¹¨ õâè-
ëi íà íàäòåïëîâèõ íåéòðîíàõ ó ñôåðè÷íîìó óðàí-
ïëóòîíi¹âîìó ñåðåäîâèùi.

[1] L. Feoktistov, Dokl. Akad. Nauk SSSR 309, 4 (1989).
[2] E. Teller, M. Ishikawa, L. Wood, R. Hyde, J. Nuckolls,

in Proc. of the International Conference on Emerging
Nuclear Energy Systems, ICENES'96, Obninsk, Russian
Federation, p. 123 (1996).

[3] Xue-Nong Chen, Werner Maschek, Ann. Nucl. Energy
32, 1377 (2005); https://doi.org/10.1016/j.anucen
e.2005.01.012.

[4] H. Sekimoto, Prog. Nucl. Energy 47, 91 (2005); https:
//doi.org/10.1016/j.pnucene.2005.05.007.

[5] Yu. P. Melnik, V. V. Pylypenko, A. S. Fomin,
S. P. Fomin, N. F. Shulga, At. Enegr. 107, 288 (2009).

[6] H. Sekimoto, K. Ryu, in Proc. of PHYSOR 2010 �
Advances in Reactor Physics to Power the Nuclear
Renaissance Pittsburgh, May 9�14 (Pennsylvania, USA,
2010).

[7] A. G. Osborne, M. R. Deinert, Ann. Nucl. Energy
62 269 (2013); https://doi.org/10.1016/j.anucene.
2013.06.023

[8] S. Qvist, J. Hou, E. Greenspan, Ann. Nucl. Energy 85,
93 (2015); https://doi.org/10.1016/j.anucene.2015
.04.007.

[9] V. D. Rusov et al., Sci. Technol. Nucl. Install. 2015,
703069 (2015); https://doi.org/10.1155/2015/70306
9.

[10] V. D. Rusov et al., Prog. Nucl. Energy 83 105 (2015);
https://doi.org/10.1016/j.pnucene.2015.03.007.

[11] V. V. Urbanevich, I. V. Sharph, V. A. Tarasov,

V. D. Rusov, Eur. Phys. J. Nucl. Sci. Technol. 6 50
(2020); https://doi.org/10.1051/epjn/2020012.

[12] A. O. Kakaev, V. O. Tarasov, S. A. Chernezhenko,
V. D. Rusov, V. O. Sova, J. Phys. Stud. 24 1207 (2020);
https://doi.org/10.30970/jps.24.1201.

[13] Yu. Y. Leleko, V. V. Gann, A.V. Gann., Probl. At. Sci.
Technol. 5, 18 (2019).

[14] V. Gann, Yu. Leleko, G. Gann, in Proc. of the Internati-
onal Conference Nuclear Energy for New Europe,
September 9-12, 2019 (Portoro�z, Slovenia,2019), p. 104.

[15] Yu. Leleko, V. Gann, in Proc. of the Scienti�c and
Technical International Conference �Computer Modelli-
ng in High Tech (CMHT-2020)� (Kharkiv, Ukraine,
2020), p. 180.

[16] Yu. Leleko, V. Gann, Probl. At. Sci. Technol. 2, 16
(2020).

[17] G. Bartolomey, G. Bat', V. Baibakov, M. Altukhov,
Basic Theory and Methods of Nuclear Power Installation
Calculations (Energoatomizdat, Moscow, 1989).

[18] V. I. Vladimirov, Practical Problems of Nuclear Reactor
Operation (Energoatomizdat, Moscow, 1986).

[19] A. I. Akhiezer, I. Ya. Pomeranchuk, Introduction to
the Theory of Multiplicating Systems (Reactors) (IzdAT,
Moscow, 2002).

[20] A. I. Akhiezer, D. P. Belozorov, F. S. Rofe-Beketov,
L. N. Davydov, Z. A. Spolnik, Probl. At. Sci. Technol.
6, 276 (2001).

2202-6

https://doi.org/10.1016/j.anucene.2005.01.012
https://doi.org/10.1016/j.anucene.2005.01.012
https://doi.org/10.1016/j.pnucene.2005.05.007
https://doi.org/10.1016/j.pnucene.2005.05.007
https://doi.org/10.1016/j.anucene.2013.06.023
https://doi.org/10.1016/j.anucene.2013.06.023
https://doi.org/10.1016/j.anucene.2015.04.007
https://doi.org/10.1016/j.anucene.2015.04.007
https://doi.org/10.1155/2015/703069
https://doi.org/10.1155/2015/703069
https://doi.org/10.1016/j.pnucene.2015.03.007
https://doi.org/10.1051/epjn/2020012
https://doi.org/10.30970/jps.24.1201


ÕÂÈËÜÎÂÅ ßÄÅÐÍÅ ÃÎÐIÍÍß Ó ÑÔÅÐÈ×ÍIÉ ÃÅÎÌÅÒÐI�

WAVE NUCLEAR BURNING IN SPHERICAL GEOMETRY
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Every year, human energy consumption is constantly growing, so the role of nuclear energy will only
increase over time. However, the reserves of 235U , which is the main �ssile nuclide in nuclear energy, are
limited and should be depleted in the coming decades. But this problem can be avoided if we use the huge
reserves of 238U . This article aims to investigate the feasibility of implementing one of the regimes of a
fundamentally new and not yet practically implemented process in nuclear energy � the nuclear traveling
wave in a uranium-plutonium medium, where plutonium-239 is formed from 238U .

A nuclear traveling wave may form in a uranium-plutonium medium as a moving wave of plutonium-
239 �ssion. This paper considers the possibility of the formation of such a wave in a spherical uranium-
plutonium medium, and the study is conducted in spherical geometry.

A majority of works studying the traveling wave mode of nuclear �ssion consider 1D or cylindrical
3D geometry. There are only a few works devoted to the study of this problem in spherical geometry. It
should also be noted that the nuclear reactions considered in the present paper involve the participation
of epithermal neutrons, which also signi�cantly distinguishes our work from previous works on this topic,
because most of them consider thermal neutrons.

Since this problem is spherically symmetric, it allowed us to replace 3D modeling of the whole sphere
with 1D modeling along the radius of this sphere. We have developed kinetic equations describing a nuclear
traveling wave and modeled it by numerically solving these kinetic equations. An improved explicit-implicit
numerical calculation scheme was used, which allowed us to increase the temporal step of the simulation.
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