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ABSTRACT

The work is devoted to the development and analysis of a topological model of the interaction of two energy media in a metric
space. The Hausdorff metric space is chosen as the initial set, which obeys the axioms of identity, symmetry and triangle. The real
element of the system in the space of energy measures, designed to transfer energy from one medium to another, is represented in
correspondence with its cellular image, defined as a virtual Grassmannian. When energy is transferred from a medium with a higher
energy to a medium with a lower energy, energy measures determine the organization of processes in the designed heat exchange
equipment. Informative components of the Grassmannian are also its area and perimeter. An analysis of the structural model, using
the modified Heron formula and the Cayley-Merger determinant, showed that, assuming equilibrium at the Grassmannian nodes, its
area in the space of energy measures should be equal to zero. At equilibrium, the semi perimeter in terms of energy measures is the
energy potential applied to the element under conditions of its minimum. Relationships between the area of the Grassmannian and the
potential applied to the element, the temperature efficiency, and the mixing efficiency of two flows are obtained. The study of this
relationship shows that the Grassmannian perimeter has an extremum at an area equal to zero, at which the perimeter is equal to the
applied potential. From a design point of view, this means that when specifying flows and inlet temperatures, the requirements for the
apparatus are formulated in terms of energy or final temperatures. This essentially determines the required potential and the
corresponding energy exchange efficiency. In this case, the potential takes the minimum required value corresponding to the
requirement of the project, and the amount of transferred energy corresponds to the required one at fixed values of flows and energy
exchange efficiency.
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INTRODUCTION

The design stage is preceded by the statement
of the technical task, which is formulated in the form
of requirements both for the system and for its
constituent elements. As a rule, these requirements

systems, we will use topological representations. On
a Hausdorff space, we introduce a metric manifold
with a countable base whose measure is expressed in
terms of the difference between the energy measures
at the network nodes. The choice of a measure for
space is determined by the requirements of classical

are presented in the form of formal conditions at the
input and output for elements. In systems, setting
these conditions during design is extremely
complicated due to the interconnection of elements
and requires their expert determination. The above
considerations lead to the need to change the
modeling paradigm. This is achieved by representing
the system by interacting networks (HEN) and, as a
result, by determining the conditions at the input and
output of the elements based on the requirements of
the organization of processes in the system.

To build a new concept for determining the
conditions at the input and output in the elements of
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thermodynamics and satisfies the first and second
principles.

LITERATURE REVIEW

Energy problems are significant, since the costs
of industry for heating and cooling in the
technological cycle reach 50 % of the total
consumption [1]. In [2], the optimal control of the
process of heat energy exchange is considered,
which makes it possible to increase the efficiency of
heat exchange equipment. Numerical methods for
solving the problems of energy exchange in fluid
flows make it possible to optimize, make decisions,
and diagnose complex systems [3]. However, such
models are based on empirical and correlation [4],
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which significantly reduces the accuracy of the
calculation results. The article [5] proposes an
energy balance equation for modeling the energy
interactions of liquids with a surface. In [6], the
effectiveness of using the theory of fluid-structure
interaction is shown, which is confirmed by
experiment, which makes it possible to increase the
heat transfer coefficient by 16.8-18.5 %. In [7], the
problem of modeling an internal flow was
considered, including conjugate heat transfer
between a liquid and a solid body, which made it
possible to obtain good agreement with analytical
solutions for direct-flow and counter-flow heat
exchangers. The model of an energy transfer
network in a porous medium [8], for which local
thermal equilibrium cannot be proposed, has shown
that it reproduces the effective thermal conductivity
in a wide range of liquid and solid thermal
conductivity ratios with one set of parameters. The
analysis of the structural interaction of the liquid has
become an important part of the design process [9]
of wvarious industrial components, such as heat
exchangers, internal combustion engines. The use of
the ANSYS simulation environment has shown the
ability to accurately predict fluid behavior and
structural interactions numerically. The verification
and validation study was carried out using the open
source software package OpenFOAM version 6-dev
for coupled heat transfer problems [10]. For
modeling in [11], transport equations are used,
which are solved wusing a finite element
representation based on the method of weighted
Galerkin residuals. However, these methods are
based on iterative methods and the need to involve
additional hypotheses. In [12], an analytical review
of heat transfer modeling systems, trends in the
development of methods, fundamental limitations,
and the need to search for new methods for
modeling thermal interaction are presented.
Recently, new mathematical methods for analyzing
processes have appeared, based on structural
modeling and set theory in metric spaces. Thus, in
[13], the existence of a g-best point of proximity for
a pair of mappings is proved, for which the proposed
conjectures about the metric space are used. Some
convergence results for the variational inequality
problem are established using the variational
characteristic of metric projections in a real Hilbert
space. The results are applicable to classical
problems of optimization theory. The stability of the
algorithms is studied and it is shown in [14] that the
fixed-point results for various multiplicative
contractions are in fact equivalent to the
corresponding fixed-point results in metric spaces.
The work [15] is devoted to analysis in metric

spaces, which has now become an active and mature
mathematical discipline, intersecting with a number
of other areas. The development of analytical and
geometric tools in terms of metric spaces with a
measure has led to new applications in potential
theory and partial differential equations, metric
geometry and other areas. The paper [16] presents
the set of all common fixed points of a subfamily of
an evolutionary family. For the subset where there
are both positive and irrational numbers. In fact, the
results obtained from a semigroup of operators are
generalized to evolutionary families of operators in a
metric space. However, research on the application
of structural models and set theory to analyze the
interaction of heat flows is not enough. It is worth
noting the works [17, 18], [19], which show the
possibility of an optimal solution to the problem of
designing heat transfer problems by using analytical
models. The relevance of changing the concept of
designing heat exchange equipment by using the
theory of sets is obvious.

PURPOSE AND OBJECTIVES OF THE
RESEARCH

The purpose of this work is to substantiate the
expediency of analyzing the interaction of the
energy of two media using the methods of set theory
in a metric temperature space.

To achieve this goal, the following tasks have
been set:

1) to develop a topological model of the
interaction of energy media in a metric space;

2) to analyze the developed model to determine
the efficiency of heat transfer.

TOPOLOGICAL MODEL OF ENERGY
EXCHANGE IN TWO MEDIA

To expand the possibilities of thermodynamic
methods for analyzing the efficiency of energy
transfer, we introduce the logic of geometric
methods into consideration. A finite set of integers
represented in the form of a graph forms a Hausdorff
space [20], in which each integer (node or branch
number) can be associated with the value of the
energy or flow measure, respectively. In turn, this
allows us to define a metric manifold with a
countable base that satisfies the following definition
[21].

A metric space is a pair (X,d), where X is a
set, and d is a humerical function that is defined on
a Cartesian product, takes values in the set of non-
negative real numbers and is such that

1) d(x,y)=0if x=y (identity axiom);

2) d(x,y)=d(y,x) (axiom of symmetry);
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3) d(x,z) <d(x,y)+d(y,z)

axiom).
Wherein

* the set X is called the underlying set of the
metric space;

* elements of the set X are called points of the
metric space;

« a function d is called a metric

d=[x-yl. 1)

Here x and y are points in the underlying set

X of the metric space of energy measures, for
example, the temperature values at the node.

In the space of energy measures, let us put in
correspondence with the real element of the system,
intended for the transfer of energy from one medium
to another, its cellular image, defined in topology as
a virtual Grassmannian [22].

In what follows, we will assume that the
temperatures at the junction points of the
Grassmannian branches are equilibrium. So, for
example, the temperature at node No. 1, which
combines branches (1-4), (1-2), and (1-3), will be
assumed to be equal for all three branches. Similarly
for nodes No. 2, No. 3, No. 4.

(triangle

(B)1

(A)4
Fig. 1. Grassmannian in temperature

metric space
Source: compiled by the authors

Temperature fields (Fig. 2 and Fig. 3).

Obviously, when energy is transferred from a
medium with a higher measure of energy to a
medium with a lower measure of energy, the energy
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Fig.2. Counterflow

Source: compiled by the authors
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Fig. 3. Direct flow

Source: compiled by the authors

For direct flow (Fig. 3)

T>T, T,>T,. (3)

In accordance with the introduced concept of
space measure (1), the sides of a virtual quadrilateral
are defined as

. . Counter flow Direct flow
measure determines the nature of the ongoing : :
. Parties Parties
processes and affects the organization of the energy
transfer process. However, a qualitative analysis of
the temperature fields presented in Fig.1 and Fig. 2 AB=a=T, -T, AB=a=T, -T,
allows us to write a system of inequalities for energy BC =b=T, —T, BC=b=T, -T,
measures at the nodes of a quadrilateral in the space  cp—_¢c=T. _T CD=c=T -T
of energy measures one. 23 23
For counterflow (Fig. 2) DA=d=T,-T; DA=d=T,-T,
T>T, T,>T,. 2
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Diagonals Diagonals
BD=f =T -T, BD=f=T,-T,
CA=g=T,-T, CA=g=T,-T,.

The model of space measures in the form of a
Grassmannian carries information about hot (b) and
cold (d) flows, input (a) and output (c) potentials.
The area of the figure in the steady state is also
informative.

Let's highlight in Fig. 1 are four virtual triangles
(A,B,C), (C,D,A) both based on the diagonal g
and (D,C,B), (B, A D) based on the diagonal f .
Obviously, the sum of the areas of each pair is equal
to the area of the quadrilateral (A, B,C, D).

Let's consider a triangle (A,B,C)=(abg).
Using the modified Heron formula, we define the
area of a triangle as a matrix determinant (the
Cayley-Menger determinant [23])

0 (Tl _T4)2 (Tl_Tz)2 1

—1682 — (Tl _T4)2 0 (T2 —T4)2 1 . (4)
(Tl_T2)2 (Tz _TA)Z 0 1
1 1 1 0

Because determinant is equal to zero, then we
getS =0.

Triangle (C,D,A)=(cd g).

Just as in the previous case, we get

0 (Tz _T3)2 (Ts _T4)2 1

1652 = (rz _T3)2 0 (rz _T4)2 1 . (5)
(T3 _T4)2 (Tz _T4)2 0 1
1 1 1 0

Because determinant is equal to zero, then we
get S=0.
Triangle (B,A,D)=(ad f)

0 (rl_T4)2 (Ts_T4)2 1

~16S?% = (rl_T4)z 0 i (rl_T3)2 1 (6)
(Ts _T4) (I-l _Ts) 0 1
1 1 1 0

Because determinant is equal to zero, then we
get S=0.
Triangle (B,C,D)=(bc f)

0 (Tl—T2)2 (Tz _T3)2 1
(Tl_Tz)Z 0 (Tl_T3)2 1
(Tz _Ta)z (Tl_T3)2 0 1

1 1 1 0

-16S% = (7

Because determinant is equal to zero, then we
get S=0.

ANALYSIS OF THE MAIN FEATURES OF
THE TOPOLOGICAL MODEL

From the assumption of equilibrium at the
nodes of the Grassmannian, it follows that its area is
equal to zero in the space of energy measures.

In addition, from the equality of the areas of
triangles to zero, the fulfililment of the axiom of
triangles (3) follows in the sense of the equality of
the sum of the two sides of the triangles to the third
in accordance with the direction of flow:

Counterflow Direct flow
b+c="f b+g=a
b+g=a f+d=a
: (8)
a+d=f b+c=f
d+g=c d+c=g

Unlike a real element, the fact of energy
transfer in its topological representation is reflected
by deformation of the sides and, as a result, a change
in the hypothetical shape shown in Fig. 1.

If the equilibrium at the nodes is satisfied, then
the perimeter of the Grassmannian in terms of
energy measures can be easily determined
depending on the direction of flow by the following
relations:

for counterflow

2p=a+b+c+d=2(T,-T,), 9)

p is the semi perimeter,
for direct flow

2p=a+b+c+d=2(T,-T,).

It is easy to see that half of the Grassmannian
perimeter ( p ) is the energy potential applied to the

element. When the conditions of equilibrium at the
nodes are met, the area of the figure during the
transfer of energy from one medium to another in a
stationary state is equal to zero. In turn, the
minimality of the perimeter at S=0 follows from
geometric representations and, as a consequence, the
minimality of the energy potential applied to the
element.

(10)
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In turn, this allows us to consider the area of the
Grassmannian as a measure of a metric subspace G
in the space of energy measures (1).

From the assumption of equilibrium at the
nodes in the space of energy measures, three zero
identities follow, determined by the direction of
movement of the interacting flows:
counterflow

b+d—-(f-g)=0 (11)

b—d—-(a—c)=0 (12)

g+f—(a+c)=0, (13)
direct flow

b+d—-(f —-g)=0. (14)

b-d-(a—c)=0 (15)

(16)

Relations (11)-(16) can be considered as
equilibrium conditions for the deformation of energy
measures in the Grassmannian when it is transferred
from a medium with a large energy potential to a
medium with a lower energy potential.

As mentioned above, a change in the shape of
the Grassmannian due to deformation of the sides
can lead to a change in its area. In the accepted
notation, the Brahmagupta formula for determining
the area of a quadrilateral in the constructed metric
space (1), as a function of the semi perimeter, can be
written as

g+ f—(a+c)=0.

SZJ(a—p)-(b—P)-(C—D)-(d—p)—%[(a-0+b-d+ f-g)-(a-c+b-d-f-g)]. (17

Complementing relations (11)-(16) with the
hypothesis of proportionality between the potential
applied to the element and the energy measure
adopted by it:

b—-®I1=0,

where: @ is the temperature efficiency; 7 is the
energy potential at the input to the system elements,
and energy balance

Yb-d =0,

(18)

(19)

where Y is the mixing efficiency of two streams.

Based on the assumption that the energy
measures at the nodes are in equilibrium, we
construct systems of equations that determine the
energy measures on the branches of the
Grassmannians in the case of energy exchange both
in counterflow and in direct flow.

Direct flow
10 0 @® 0 0)(b) (O
Y -1 0 0 0 o0f|d| |o0
1 1 1 0 0flc| |2p
1 1 -10 0|lal |oO
1 -1 0 0 1 -1]|g| |o0
o 0o -1 -11 1)lf) Lo

b @p |3 ()
d Ydp YI1D
Cl| |—-p(@+YD-1)| |-TI(D+YD-I)
al p - ul
g - p(@-1) -I(®-1)
f —p(YD-1) —II(Yd -1)
Counterflow
-1 0 0 0 0 @)(b 0
Y -1 0 0 0 O d 0
1 1 1 0 O c 2p
1 0 0 1 -1|]al| |0
1 -1 1 -10 O g 0
O 0 -1 -11 1 f 0
b dp o
d YOp YI1D
c - p(d-1) —I1(®-1)
al | —pYd-1 | | -TI(YD-1)
g —p(d+YD-1) (D +YD-1)
f p I1
The variable introduced into consideration

determines the efficiency when mixing both streams
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ngzg i=z=cpm.
Vv Z Y +1

(20)

where: U is the heat capacity of the cold flow; V is
the heat capacity of the hot flow.

The Brahmagupta formula (17) for determining
the area after substituting energy measures, taking
into account the solutions obtained, will be rewritten
as:

Counterflow

S? =—p(I1— p)(YIT’® - Y TI’®* —T1°®D* +

.(22)
+I1°® -TI p+ p?)
Direct flow
2__ _ _ 2 _ 2 2_
S =—I1-p)(p-T1D) (YIT°D - YIT D @2

~YITI*®% +T1D p-TIp + p?)
Equations (21) and (22) are equations of the

fourth degree with respect to the half-perimeter and
allow, atS =0, to obtain a solution in the form

I1

0

1z - VBz70? + 27 8207 — 470 + 407 )
27

nilz + V8z?07 + 2 820" —azm + 407 |
27

From (21) and (22) it follows that the perimeter
of the Grassmannian experiences an extremum at
S =0. Since the second derivative of the perimeter
is positive, then at S =0 it undergoes a minimum,
which followed from geometric considerations. And
at the same time (23) the perimeter is equal to the
applied potential ( p =1IT).

As shown above, when the measures of energy
at the nodes are in equilibrium, the areas of triangles
are equal to zero.

In turn, it follows from this that the expressions
for the determinants can be considered as a system
of equations with respect to the diagonals of the
quadrilateral:

. (23)

relatively f
44 (b+c)?—(b—c)?|f2 + (b-c)*(b+c)? 24)
4+ (a+d)?—(a—d)?]12 +(a—d)*(a+d)>
relatively g
lc+d)? +(c-d)?]g? - g* —(c—d)?(c +0)? @)

[-@a+b)2—(@-b)*]g* +g* + (a-b)*(a+h)’
The only root that satisfies the requirements for

equations (24) f = f and equations (25) g =g is

determined by the equilibrium conditions (11)-(16).

Counter flow

b+c=a+d=p=II. (26)

The only root that satisfies the requirements for
equations (24) a=a and equations (25) c=c is
determined by the equilibrium conditions (11)-(16).

Direct flow

brg=d+f=p=II. @7)

DISCUSSION OF THE RESULTS OF THE
ANALYSIS

When the equilibrium conditions are met at the
nodes and S = 0, the quadrilateral is folded, turning
into two segments folded on top of each other. In
such a state, the energy measures in the topological
image of the real apparatus are in equilibrium in the
same way as in the real apparatus at the
corresponding nodes.

In the generally accepted scheme of design
devices of this type, it is customary to set the inlet
flows and temperatures and the requirements for the
device in the form of an amount of energy or final
temperatures. This essentially determines the
required potential and the corresponding efficiency
of energy exchange, for example, as follows

LT Q0
P Ud

In this case, the value of the potential takes on
the minimum required value corresponding to the
requirement of the project, and the amount of
transferred energy corresponds to the required value
at fixed values of flows and energy exchange
efficiency.

[0)) (28)

CONCLUSIONS

1. A topological model of energy exchange
between two media has been developed, which is
based on the equilibrium of temperatures at the
nodes of the Grassmannian constructed in the
Hausdorff space. The introduction of the space
metric made it possible to identify additional
information features related to the potential and
equilibrium of the energy exchange system between
two media.

2. The topological representation provides a
mathematical relationship between the temperature
difference at the inlet through the thermal efficiency
and the efficiency of mixing flows at the outlet. In
turn, this makes it possible not only to formalize the
terms of reference for the development of means for
the exchange of energy between two media, but also
to identify shortcomings in the formulation of the
problem.
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AHOTAIS

Pobota mpucBsveHa po3poOIli i aHaNIi3y TOMOJIOTIYHOT MOJIENi B3a€MOIIT IBOX CHEPTETHYHHX Cepell Y METPUUIHOMY TIPOCTOPI.
VY sKoCTI HEepBHHHOI MHOXXHHH BHOpaHO Xaycmop(oBHH METPHUYHMI NPOCTIp, SIKMH MiANOPSIKYETHCS aKCioMaM TOTOXHOCTI,
cuMeTpii 1 TpUKyTHHKa. PeanbHOMY elleMeHTy CHCTEMH y IPOCTOpi Mip eHeprii, mpu3HaueHOMY I Irepenadi eHeprii BiJ ogHOI
cepely y iHITY, SIKMI IPeCTaBICHO Y BIAMOBIAHOCTI ii KIITKOBHI 00pa3, 0 BU3HAYAEThCs sIK rpaccMania. [Ipu nepenadi eneprii
BiJ cepenn 3 OUIBIIOI0 €HEPTI€I0 10 CEPEAr 3 MEHIIOK SHEPTi€r0, MipH CHEprii BU3HAYAIOTh OPraHi3allilo MPOIECiB y TEII000MIHHIN
amaparypi, 0 MPOeKTYeThCs. [HHOPMATUBHIMH CKJIAIOBHMHU I'pacCMaHiaHy € TaKOX HOTo IUIoHIa 1 mepuMeTp. AHali3 CTPYKTypHOI
MOJIeNTi, 3 BUKOPUCTAaHHAM MoudikoBaHoi Gopmymnu ['epona ta BusHaunuka Kemi-Meprepa, mokaszas, 1o y OpUIyIIeHHI piBHOBAaru
y By3llax TrpacCMaHiaHy HACIiIKOM € PIBHICTh HYNIO HOTO IUIONI y MpocTopi Mip eHeprii. [Ipu piBHOBa3i mepumerp y TepMiHax
3ax0iB CHEprii € CHEPromoOTeHIlAN, 10 MPUKIAJCHO IO €IeMEHTa B YMOBaxX HOro MiHiManbHOCTI. OTpUMaHO CITiBBIIHOIICHHS
3B'3Ky IUIONI TpaccMaHiaHa 3 TPHKIAACHHM 0 eleMeHTa IOTEHIIAJIOM, TEeMIepaTypHOI0 e(EeKTHUBHICTIO Ta e(EeKTHBHICTIO
3MIIITyBaHHS JIBOX MOTOKIB. JIOCHi/PKEHHS IIOTO 3B'A3KY MOKa3ye, MO MEPUMETP IpacCMaHiaHy Ma€ eKCTPEMYM MpH IUIONI, II0
JIOPIBHIOE HYIIIO, TIPH SIKi MEepUMEeTp IOPIBHIOE MPHKIAAEHOMY IMOTEHIialy. 3 TOYKM 30py NMPOEKTYBaHHS Ll O3HAdYae€, L0 MpU
3aj1aHHI MOTOKIB 1 TeMIepaTypy Ha BXO/[i BUMOTH JI0 amapary (GOpMyIOThCsl y BUDIISA/I KUTBKOCTI eHeprii abo KIHLEBHUX TeMIeparyp,
[0 IO CyTi BU3HAYa€ HEOOXiTHWU MOTEHINaN Ta BIANOBIAHY HOMY eQeKTHBHICTH eHeprooOMmiHy. [Ipn mpoMy moreHmian HaOyBae
MiHIMaJIbHO HEOOXiHOTO 3HAYECHHS, 110 BiIIOBIIa€ BUMOTAM IPOEKTY, a KUTBKICTh MepeaaHoi eHepTii BiAIOBiae HEOOXiTHOMY TIPH
(ikcOBaHMX 3HAYECHHSX ITOTOKIB Ta €PEKTUBHOCTI EHEPTOOOMIHY.

Kio4yoBi c10Ba: mpoeKkTyBaHHS, B3a€EMOJisS CHEPreTUYHUX CEPEIOBHIN; METPUYHHUHA MPOCTIp; MIpHM €Heprii, CTpyKTypHa
MO/IeJTh; PIBHOBXKHUIA CTaH; e()EKTUBHICTh TEINIOOOMIHY.
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