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Earlier [V. P. Lesnikov, Ukr. J. Phys. 64, 126 (2019)] it was pointed out that for thermal
hydrodynamic fluctuations in open hydrodynamic steady states (OHSS) the determining factor for
derivation of reciprocal relations is not the principle of microscopic reversibility, but the presence or
absence of a flux. In the present work this idea is applied to open chemical steady states (OCSS),
where chemical oscillations are possible. The behavior of concentration fluctuations when there are
no macroscopic oscillations yet is considered. The reciprocal relations for such OCSS are found.
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I. INTRODUCTION

Reciprocal relations established by Onsager follow
from even parity of two-time correlation functions of
macroscopic fluctuations [2, 3]. Later Casimir showed
that the corresponding correlation functions can be not
only even, but also odd [4]. As a result, the Onsager—
Casimir reciprocal relations arose. The equality express-
ing a definite parity of two-time correlation functions is
called the detailed balance.

To explain the detailed balance, Onsager put forward
the principle of microscopic reversibility, according to
which macroscopic quantities are functions of the canoni-
cal coordinates of the microparticles of matter. The
parity with respect to time reversal of the macroscopic
quantity depends on the parity of these functions. If both
macroscopic quantities included in the correlation functi-
on have the same parity, then the correlation function is
even. If the parity of the corresponding quantities is di-
fferent, then the correlation function is odd. The kinetic
coefficients will also have the same symmetry.

This explanation led to the belief that the Onsager—
Casimir reciprocal relations cannot be derived wi-
thin the phenomenological thermodynamics and can be
deduced only using statistical physics because they are a
consequence of the reversibility of microscopic dynamics
[5, 6]. In this regard, it was assumed that the Onsager—
Casimir reciprocal relations should always hold. In parti-
cular, this was a mandatory requirement for the study
of thermodynamic (hydrodynamic) fluctuations in open
hydrodynamic steady states (OHSS) that began in the
last century.

It is clear that open systems with stationary fluxes
are non-equilibrium. For these systems, the requirement
to fulfill the Onsager—Casimir reciprocal relations led
to contradictory results in the calculation of two-
time correlation functions of fluctuations performed
using different and seemingly mathematically equivalent
methods [7-9]. All contradictions are eliminated if, in
order to explain the Onsager—Casimir reciprocal relati-
ons, we replace the principle of microscopic reversibi-
lity with a completely thermodynamic condition, i.e.
that is absence of fluxes. This statement means that
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the Onsager—Casimir reciprocal relations are satisfied
only in equilibrium systems, and are not related to non-
equilibrium ones. The flux breaks the detailed balance
and temporal symmetry and we will have completely di-
fferent reciprocal relations. To do this, remaining within
the framework of thermodynamics, it is sufficient to know
only the dynamics of fluctuations and their locally equi-
librium distribution function of the initial values.

In this paper, we apply the above idea to chemical
oscillators. Chemical reactions represent an important
branch of non-equilibrium thermodynamics [10]. The
OCSS have such interesting phenomena as oscillations,
spatial structures, waves, chaos. All of them must be
described on the basis of thermodynamics, since the
main characteristic of any reaction is the concentrati-
on of chemical species, which is a macroscopic variable
same as temperature, pressure, etc.

II. THEORY OF THERMODYNAMIC
FLUCTUATIONS IN NON-EQUILIBRIUM
STEADY STATES

The theory of fluctuations in non-equilibrium systems
with fluxes differs from the theory of equilibrium
fluctuations precisely by the violation of the Casimir—
Onsager reciprocal relations [1, 11]. It is based on only
two hypotheses. That is Onsager’s regressive hypothesis
that dynamics of fluctuations occurs on macroscopic laws
and that is the hypothesis of local equilibrium, which is
general for a continuous medium in thermodynamics.

Linear stability theory gives the dynamics of small
fluctuations

T = —\ijxj, (1)
where here and below we use the notation and definitions
adopted in [12].

The probability density of initial fluctuations in the
steady state will be

w (x) o e = exp <_;ﬁijxixj) ; (2)
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where AS determines fluctuation deviation from the
maximum value Sy of entropy corresponding to the
steady state. Here entropy is a dimensionless quantity,
and temperature is measured in energy units.

For the derivatives X; = —95/0x; we have

X; = Bijwj. (3)
The averaging with (2) gives
(ive) = B (@iXk) = Sy, (XiXp) = B (4)
Equation (1) can be represented now in the form
T = —7i; X (5)

The quantities « are called kinetic coefficients. Also the
notation L is often used for them. From (1), (3), and (5)
it follows

Vij = NikBij - (6)

As explained above, the Casimir—-Onsager reciprocal
relations

Yij = £ji (7)

are a consequence of the temporal symmetry condition
substantiated by the principle of microscopic reversibili-

ty:
(zi(t)z;) = £ (2 ()i) - (8)

Indeed, if we differentiate (8) and set ¢ = 0, then we
obtain (7). In fact, the opposite is true. Equation (8)
does not, determine (7), but the kinetic coefficients found
from (6) determine the parity of the two-time correlation
functions or its absence.

It is easy to find reciprocal relations in the case of
two variables in (1) and (2) that will be needed later. Tt
was done in work [1]. It is necessary to solve the Cauchy
problem for equations (1) and use the second formula in
(4). We have the following result for i # j and \;; # O:

(i()X;) Ay
@ 0X) A ®)

If the initial values are not correlated, i.e. matrix g is
diagonal, then we get

(wilt)zy) _ iy (10)

(zj()zi) v
here Yij = Aij J—]l
Formula (10), despite being just a special case
of common reciprocal relations (9), turns out to be
important for chemical reactions, since, as will be shown
below, the initial values of chemical reagents do not
correlate with each other.
Equations (1), (2) determine the random Ornstein—
Uhlenbeck process. We can calculate correlation functi-
ons of fluctuations directly solving the Cauchy problem
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and then using averaging (2). The equivalent calculati-
on methods are fluctuation-dissipation theorems (FDT)
— the first (Callen-Welton) and the second (Langevin).
The first FDT follows from the definition of susceptibili-
ty. Most used in the study of non-equilibrium fluctuati-
ons is the second FDT. In that case, the solution of a
homogeneous system of equations (1) is replaced by wi-
th the solution of inhomogeneous equations by adding
to the right side fluctuating forces y; with correlation
functions

(yi()y;(0)) = Qi;6(t). (11)

The intensity @ is determined by the formula named
Langevin FDT

Qij = Yij + Vi (12)

In work [11], it was shown that the FDT are
mathematical theorems, the use of which leads to the
same results as the solution of the Cauchy problem for
(1) upon averaging (2) without any statistical justifi-
cation for the kinetic coefficients. They are defined in
thermodynamics only by formula (6) without imposing
any restrictions on them. It should be emphasized that
it fully concerns chemical reactions.

Note that for chemical reactions, the method of obtain-
ing intensities by using the shot noise theory [13, 14] is
still thriving. The output in [15-17] is the master equati-
on for the distribution function of the number of parti-
cles. The number of particles is supposed to increase or
decrease by one in the course of the reaction. The distri-
bution function in the master equation is expanding into
a power series with respect to “1”. This gives the Fokker—
Planck equation from which follow the expressions for
the intensities.

This approach is not thermodynamic, since, the used
macroscopic rate equations describe on the one hand the
dynamics of changing a large number of particles, and, on
the other hand, the birth-death processes for changing on
one particle. Within the framework of thermodynamics,
the Fokker—Planck equation for the process (1), (2), as
it is easy to show, cannot give anything except (12).

III. RECIPROCAL RELATIONS FOR THE
LOTKA OSCILLATOR

For any chemical reactions, we can write the rate
equations. In a well stirred system, the solution of these
equations is sought in the form of the sum of steady-state
concentrations [X;| and concentration fluctuations x;.
In this way, the rate equations give us a matrix A in (1).

At a steady state, concentrations of the order 1M
are typical for chemical reactions. Therefore, reagent
particles behave like a rarefied gas. In this case, stati-
stical properties of each variable are obviously specifi-
ed by [X;]g. So the matrix  is diagonal with entries

NaV [Xi]sl and the inverse matrix S~! that gives one-
time correlation functions of fluctuations is also diagonal
with entries B?A]‘E . Here N4 is the Avogadro number, and
V' is the volume in liters.




RECIPROCAL RELATIONS FOR CHEMICAL OSCILLATORS

In 1910, Lotka predicted the possibility of damped
chemical oscillations [18]. His chemical oscillator is
described by the reaction scheme

X+Y &9y, (13)

where substance X is formed, say, from substance A,
which is an excess, and substance Y is removed from the
reaction reservoir turning into B. In (13) ko, k1, k2 are
rate constants. The result of the reaction is the formation
of a substance B and the consumption of a substance A.
So the net reaction is A — B. The flow of matter makes
the system non-equilibrium.

The kinetics of the Lotka model is described by the
rate equations:

d
Ty~ ka 1x] ),
(14)
d[Y]
— =k [X]|[Y] =k [Y].
S =k (X [Y] — ka [V
The steady state concentrations will be equal
[X]S:kg/kl, [Y]S:ko/k}g (]_5)

For concentration fluctuations, we obtain the equations

k1ko
ko
. kiko

Y= z.

)

T — k2ya
(16)

Equations (16) describe damped fluctuation oscillations
with damping coefficient 6 = k1ko/(2k2) and frequency
Vkikg — 02. The expressions for one-time correlation
functions of fluctuations are

@)= =0, =T
So
kl—’;” ko [X] 0
o o) 6_1:N/14V< o m)
ko S

For the kinetic coefficients we get

ko 11
= ) 19
V=N (1 0 (19)
The variables z and y have the same parity. According to
the Casimir—Onsager reciprocal relations, there should

be (z(t)y) = (y(t)z) and v12 = 721. Instead, however,
according to (10) we get

(x(t)y) = = (y()x) (20)

and

Y12 = —721- (21)

To demonstrate the principle of microscopic reversibi-
lity in chemical reactions, Onsager, in his work [2] used
as an example a monomolecular triangle reaction

ki
A= B,
kj

The rates of change of amounts n4,np,nc are given by
the equations

na = —(k1 + k§)na + kinpg + ksne,
np = kina — (k2 + K )np + kinc, (23)
ne = kina + kanp — (ks + kb)nc.

From (23) it follows that the total amount n4 +ng+nc
is conserved. This means that the system is closed. The
net reaction is zero. So, the system is equilibrium and
that is because the Casimir-Onsager reciprocal relations
hold here.

IV. THE BRUSSELATOR AND OTHER
CHEMICAL OSCILLATORS

The most famous model of a chemical oscillator is the
Brusselator, representing a trimolecular collision and an
autocatalytic step, given by

AF x

B+X 2 viDb,

9

2X +Y £ 3x,
X M op

The concentrations [A] and [B] are maintained and the
system is assumed to be well stirred. The concentration
products [D] and [E] are removed as they are formed.
The net reaction is A+ B — D + E. So, there is a flow
of matter and the system is non-equilibrium.

From rate equations for species X and Y, it is easy to
find stationary solutions and matrix A of linear equations
for concentration fluctuations [10]. They look like

ok  kaks [B)
[X]S*kz[ ]7 ]S* kik_lmv (25)
_ <k4 k2 [B] ks [st> (26)
ks [B] ks [X]s
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The matrix ! is the same as in (18) with [X]g and
[Y]g from (25).
Kinetic coefficients (6) will be

(X4 (’% — k2 [B] —ks [B]>

= —= 27
TNV kB k(B ()
Here we see the same situation as expressed by (20) and
(21).

It is shown by Schnakenberg that for exhibiting a li-
mit cycle behavior, a two-component chemical reaction
system has to involve at least three reactions among whi-
ch one must be autocatalytic [19]. The result is quite a
lot of limit cycle systems, which are altogether simpler
than the Brusselator with its number of four reactions.

For all oscillators, the oddness of the mutual correlati-
on functions (20) and different signs of the kinetic coeffi-
cients (21) should hold, which follows directly from the
oscillatory equation. The matrix of kinetic coefficients for
an oscillator always contains an asymmetric contributi-
on. This means that conservative forces contribute to the
kinetic coefficients. Indeed, let us represent, formula (19)
for example, for the Lotka oscillator in the form

o) Gl

Only the symmetrical part of the matrix of kinetic coeffi-
cients gives the entropy production. The skew part does

" Nav

v

not change the entropy.

Formulas (20) and (21) are a consequence of the
temporal symmetry of the oscillation equations for
fluctuations which do not correlate with each other at
the initial moment. They are valid for any oscillatory
systems, both non-equilibrium and equilibrium. In parti-
cular, in [12] an example of the fulfillment of these relati-
ons for thermal fluctuations of an equilibrium oscillator
is given. In the equilibrium case, the variables in two-
time correlation functions have different parity, and the
explanation based on the principle of microscopic reversi-
bility looks convincing. At the same time, this persuasi-
veness disappears for non-equilibrium steady states when
two-time correlation functions of fluctuation quantities
are calculated.

V. CONCLUSION

The above examples of chemical oscillators in OCSS
confirm the made earlier, conclusion for OHSS that the
Onsager—Casimir reciprocal relations hold only in equi-
librium and are explained by the absence of stationary
fluxes. In non-equilibrium steady states, the reciprocal
relations turn out to be more complex than the Onsager—
Casimir ones.

To construct non-equilibrium thermodynamics,
Onsager’s regressive hypothesis and the hypothesis of
local equilibrium are sufficient. The kinetic coefficients
must be determined on the basis of these hypotheses
without any symmetry restrictions.
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CITIIBBIJHOIITEHHSA B3A€MHOCTI AJId XIMIYHUX OCIIAJIATOPIB

B. II. JlecuikoB
Hauionaavnut ynisepcumem “Odecvra nosimezxnixa”, npocn. Ilesuenxa, 1, Odeca, 65044, Yrpaina
e-mail: lesnikov@op.edu.ua

Bucymeny panime inero mpo Te, o 118 TEITOBAX TiAPOAHHAMIYHUX (IYKTYalliil y BIIKPUTHUX Tigpo-
sunaMivaux crauionapuux cucremax (BI'CC) cuissignouienns B3aeMHocTi it 3arajgom noseginka Gpuykry-
aliii BU3HAYAIOTHCS HE TPUHITUIIOM MiKPOCKOIIYHOI 3BOPOTHOCTI, a HASIBHICTIO a00 BiJCYTHICTIO MOTOKY,
3aCTOCOBAHO 70 BiakpuTux ximiunux cramjonapuux cucrem (BXCC), me MoXyTb BigOyBaTuCs KOJIHMBAH-
He KOHIeHTparil pearedTiB. /[1a Takux XiMi9HEX OCIIUISATOPIB PO3TISIHYTO MOBEIIHKY KOHIIEHTPAITIHHIX
daykryamniit Ha ¢GHoHI OMHOPIAHKX 3HAYEHD KOHIEHTPAIil peareHTiB, TOOTO TO/i, KOJIH 1€ HE BUHHUKJ/IN
YMOBH JIJIi MAKPOCKOIIIYHIUX KOJIMBAHD. 3HANIEHI KiHeTHYIHI KOeDII[iEHTH Ta, CITiBBiIHOIIEHHS B3a€MHOCTL
JJI XIMITHAX OCIIUJISITOPIB BiaMiHHI Bij crniBBigHomenHsa B3aemuocti On3arepa—Kaszumupa. [Tokasamo, mo
BOHHM MAlOTh 3arajJbHUM XapakTep [Jid Pi3HUX Mojeei ocruaaropis. IlizkpecieHo, Mo CriBBiAHOIIEHHST
B3aemuocri Ouzarepa—Kaszumupa BUKOHYIOTbCs TLIBKYA B yMOBAaX PIBHOBArU i HE BUKOHYIOTHCS B yMOBaX
HEPIBHOBArW y BIIKPUTHX CHUCTEMAX 33 HASBHOCTI MOTOKIB. XiMiUHI OCIUIATOPY AKpa3 € MPUKJIAIOM Bif-
KPHUTHX CHUCTEM, /e HEepiBHOBAra 3yMOBJIEHA MTOTOKOM PeYOBMHU. TaKO0K HATOJOIIEHO, 0 HepiBHOBAYKHA,
TepMoaumHAMiKa Mae OyayBarucsa 6e3 Oyab-IKHX BUMOI cHMETpil KiHeTrnaHuX KoedimieHTis.

Kunrouosi caoBa: sigkpuri rigpoamnamivni crauionapui cucremn (BI'CC), Bigkpuri ximiuni cramio-
uapui cucremu (BXCC), ximiuni ocuuisitopu, KoHIEHTpaIiiini dykryanii, CriBBiIHONIEHHS B3a€MHOCTI.
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