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Abstract—The paper presents a method for determining 

the coordinates of the extremum of non-stationary periodic 

signals based on optimization with wavelet transform. The 

procedures for evaluating the determination of the 

coordinates of R waves and the intervals between them for 

electrocardiograms based on the search with the Haar 

wavelet function are given. The error in estimating the 

duration of intervals in the studied set of signals under 

conditions of increasing noise levels is studied. The influence 

of the length of the support of the Haar wavelet function 

and the step size on the speed of the search is estimated. 

 

Keywords—optimization; wavelet transform; 

electrocardiogram; arrhythmia; diagnostics 

I. INTRODUCTION AND RELATED WORK 

The modern level of data processing, for example, in 

telemedicine, often requires the analysis of non-stationary 

periodic signals. Electrocardiograms (ECGs) are an 

example of such signals. As a rule, three stages of data 

processing are carried out when diagnosing cardiovascular 

diseases using ECGs: pre-processing, identification 

(feature extraction), and classification [1]. 

In this case, often the measurement of such signals 

does not allow to get rid of noise. These noises arise 

during the registration of signals and during the 

transmission of data over communication lines [2-6]. The 

pre-processing step aims to eliminate such noises. To 

eliminate these features of the ECG signal, low-pass and 

high-pass filters and/or wavelet processing [1] are often 

used. ECG signals have complex time-frequency 

characteristics with high-frequency and low-frequency 

components. Therefore, the estimation of the parameters 

of such signals based on the analysis of only frequency 

characteristics with overlapping spectra [7, 8] of the useful 

ECG signal and noise can lead to a decrease in the 

reliability of diagnostics [6, 9]. 

According to the authors [1, 10] and in accordance 

with the protocols of medical research, during 

identification, signs are distinguished that can distinguish 

the features of the studied diseases. Due to the high 

variability of heart rate in a number of diseases, it is often 

difficult to obtain large data sets even from the same 

patient [1]. In addition, due to the relevance of the 

problem being solved, there are a large number of 

methods aimed at automating the identification procedure. 

Among these identification methods, three groups can be 

distinguished: methods that highlight the signs of changes 

in the amplitude and frequency of heartbeats over time, 

methods that highlight the spectral parameters of ECG 

signals, and methods that enables to determine both the 

temporal and frequency characteristics of the ECG signal - 

wavelet processing methods. 

Due to the variety of methods, an important task is to 

reduce the dimension of the feature set, which allows 

reducing computational costs and increasing performance 

at the classification stage [11, 12, 13]. So, for example, at 

this stage, such methods of feature selection are used as 

methods aimed at recursively reducing the set of features; 

genetic and swarm algorithms [1, 13, 14], methods of 

dispersion analysis [1, 13, 14]. 

Reducing the volume of processed data to the 

identification stage allows the use of wavelet transforms 

(WT) for ECG analysis [4, 7, 8, 15]. With this analysis, 

the signal under study is decomposed into a set of wavelet 

functions (WF) [16]. These functions take into account the 

time shift and changes in the scale of the original WF [4]. 

Therefore, processing with WT allows taking into account 

the temporal and frequency features of the signal, 

obtaining a set of coefficients for subsequent processing 

[17]. 

Due to the complexity of the tasks the methods of 

processing ECG at the present stage are diverse [18]. 

Thus, there are known approaches to ECG analysis based 

on chaos theory, a combination of statistical, geometric 

and non-linear signs of heart rate variability, RPCA - 

recursive principal component analysis, SPSA - 

Simultaneous perturbation stochastic approximation 

method, FDBT - First Derivative Based Technique, SDBT 

- Second Derivative Based Technique, method based on 

the Hilbert transform and others [1]. Some of these 
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methods, for example, methods based on the estimation of 

the first and second derivatives in the conditions of 

estimating the parameters of a non-stationary ECG signal 

with many extremes, may have low noise immunity 

and/or increased error. 

A number of authors use one of the processing levels 

with WT as a classification vector for subsequent 

classification [17]. Another approach involves the 

evaluation of the statistical characteristics of the ECG 

signal after processing with WT [12]. This approach uses 

these statistical characteristics as a classification vector in 

diagnostics. However, for example, for the diagnosis of 

various types of arrhythmias, the analysis of large 

amounts of data is required. Therefore, both approaches 

require significant computation time [19]. With high 

requirements for efficiency [5] reduce the dimension of 

the classification vector by determining the characteristic 

features of the QRS fragments of the ECG (fig.1). It 

should also be noted that the dimension of the feature 

vector varies during identification for different diseases 

[10]. So, for example, a number of authors the levels of 

processing with the WF and the scales of the wavelet 

functions are determined [20]. This approach in the 

analysis of long-term ECG, for example, when using the 

Holter monitor [7], allows you to reduce the size of the 

initial data set (fig.2, a) during processing (fig.2, b). 

 

 

Figure 1.  A standard ECG waveform with QRS complex 

 

To search for the extremum of noisy polymodal 

functions, an optimization method was developed using 

the WT, the noise immunity of which was proved by the 

authors [21]. The authors proposed a method for searching 

for extrema of periodic signals, using a number of stages 

of this method [21] to determine the intervals between R 

ECG waves. In this work, only the stages of signal 

processing using the wavelet function - the Haar WF [14, 

21] were used, the parameters of the method were 

selected, and their influence on the speed of the procedure 

for estimating the coordinates of extremes was evaluated. 

II. METHOD OF SEARCHING THE COORDINATES OF 

EXTREMA FOR PERIODIC SIGNALS 

As a result of studies of noise immunity, convergence 

rate, and error in [21], to estimate the direction of the 

search for the extremum coordinate in (2), it is necessary 

to use symmetric and non-stationary wavelet functions - 

the Haar WF [19, 21, 22]. In this case, the extremum 

coordinate is estimated according to the iterative scheme: 

1]))c[n(Q(x[n],γ[n]WT1]c[nc[n] k −−−= , (1) 

where γ[n]  is the step; n is the iteration number; k is 

the start number; 
kWT  determines the direction of 

movement towards the extremum and is calculated 

according to: 

1]))c[n(Q(x[n],WTk − = Nk2k1k G,,G,G  ,(2) 

jkG  is the result of processing j -th variable: 
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ks  is the carrier length of the WF; a  is the WF 

discretization step; (i)Ψk
 is the Haar WF at the k -th 

start; N,1,j =  is the dimension of the parameter 

vector. 

This approach makes it possible to determine the range 

of variation of the extremum coordinates [21] with 
1δ – 

error of searching for the optimum start (determined at the 

stage of a priori studies of the quality functional); 2δ  is 

the error in the search for the optimum of the applied 

problem. The search is performed with the following 

parameters: c[0] – initial approximation to the optimum 

coordinate in the first period; γ[1] - step; a  is the WF 

discretization step; 
1s  is the WF carrier length of the first 

start (i)Ψ1
; 

sΔ  is the step of changing the length of the 

WF carrier (i)Ψ1
 when determining the range of 

extremum coordinates; 
1A  is the value of the minimum 

height of the recorded extremum; ΔR is the initial 

approximation to the value of the duration of the interval 

between the recorded extrema. 

When searching for the R wave, the direction of the 

search is estimated according to (2) at the point of 

approach to the optimum coordinate for the start k . To do 
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this, we use a weighted sum with the Haar WF with 
1s  (at 

point c[0] at 1n = ). The influence of the carrier length 

of this WF (i)Ψ1
 on the performance in the analysis of 

the ECG and is investigated in the work. At this stage, the 

sign of the estimate according to (3) is checked
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G . Further, based 

on the known property of the WT to change sign when 

passing through the optimum, at this stage the range of 

change of the extremum coordinates is determined as 

c[n]c1]c[n − 
. Next, a search is made for the 

ranges of coordinates of the optimum c)Q(x,  according 

to (1) at k  until the end of the data set under study. 

To reduce the amount of analysis data, the WT of the 

analyzed ECG signal was carried out in the work. To 

reduce the noise level of the ECG signal analyzed during 

the search for R waves, the Daubechies WF1 is used [16, 

23]. Determination of the spatial coordinates of R waves 

by searching for the coordinates of the extrema of periodic 

signals using the developed method. Signals from the 

MIT/BIH Arrhythmia Database [20] were studied as such 

signals. For the sequence (Fig. 2, b), the coordinates of the 

and the intervals between them are determined. 

III. CASE STUDY 

The work evaluated the effect of changing the carrier 

length 𝑠𝑘 for speed. After the change in the sign of the 

WT when passing through the optimum, the range of 

change in the coordinates of the extremum is determined 

as c[n]c1]c[n − 
. Next, the length of the WF 

carrier is determined to search for the next extremum in 

the data set ks . Meaning ks  during the study, it changes 

from 20 to 32. At the same time, due to the integral 

nature of the Haar WT, with an increase in the length of 

the WF carrier, the coordinate of the next search step is 

more or less shifted to the extremum of the next period. 

So, when changing the studied values ks  from 20 to 32, 

and the size 1.7γ =  the search time for the coordinates 

of the R waves changed by less than 10% (at the initial 

value 3s1 = ). We also assessed the influence of the step 

size γ[n]  on the evaluation speed. So (at the initial value 

5s1 = ) and change γ  from 1.4 to 2.0, the time to 

determine the coordinates of the first 7 extrema (Fig. 2b) 

increased by 5%. Relative errors in the determination 

were: for the coordinates of R waves no more than 1.4%, 

for the duration of the intervals between them is no more 

than 2.4%. In the study of noise immunity, the relative 

error in determining the duration of the intervals is less 

than 4% with a signal-to-noise ratio in amplitude of 20 ... 

10. 

These results allow us to recommend the developed 

method for use in information technologies for 

telemedicine, with an increase in the noise level in ECG 

signals. 

IV. CONCLUSION 

The paper presents a method for determining the 

coordinates of the extremum of non-stationary periodic 

  
                                  a, input ECG signal                                                    b, coefficient WF Daubechi 1 

Figure 2.  ECG signal at different stage of analysis (a) – input ECG signal, b) – coefficient WF Daubechi  

signals based on optimization with wavelet transform. The 

procedures for evaluating of the coordinates of R waves 

and the intervals between them for electrocardiograms 

based on the search with the Haar WF are given. The error 

in estimating the duration of intervals in the studied set of 

signals under conditions of increasing noise levels is 

studied. The relative error in the duration of the intervals 

between R waves was less than 4% with an amplitude 
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signal-to-noise ratio of up to 10. For the well-known Pan-

Tompkins algorithm, this value is at least 5% [24, 25]. 

The relative error for the coordinates of R waves is not 

more than 1.4%. The performance evaluation showed that 

when the studied values ks  changed from 20 to 32, and 

the value 1.7γ = , the search time for the coordinates of 

R waves changed by less than 10% (with the initial value 

3s1 = ). At the same time, an assessment of the influence 

of the step size γ[n]  on the speed of searching for the 

coordinates of R waves showed that when 𝛾 changes from 

1.4  to  2.0, the time to determine the coordinates of the 

first 7 extrema (Fig. 2b) increased by 5%. 

Thus, we can conclude that the developed method for 

determining the coordinates of extrema has an error and 

noise immunity that meet the requirements of this applied 

problem. 
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