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Ompumano 3azanvHuii po3e’a30K 3a0a4 32Uty KpYaaux
naacmum, mosuwuUHa AKUX 3IMIHIOEMBCSA 3a eKCNOHeHYIaNb-
HUM 3aKOHOM i3 3ACMOCYBAHHAM BUPOOIHCEHUX 2inepzeomen -
puunux pynxyiu Kymmepa. Po3e’szano 3adauy xonmaxmy
YUNIHOPUMHOT 060JI0HKU 3 KPY206010 NAACMUHOIO 3MIHHOL
MOBUUHU 6 3A2aNTLHOMY 6U2NIA0I. 3anPONOHOBAHO MEMOOUKY
MiHIMI3aYii Macu NaacMuH4acmux enemeHmie KoOHCmMpyKyiu
xpy2060i popmu. Po3pobaena xoHcmpyxyis 30nu nepexody
610 OHuwa 00 cminKu, MiyHICMb AKO0I nepesipeHa Memooom
CKIHYEHUX eJleMeHmi6 Y peanvHOMY NPoeKmyeanHi

Kniouoei cnoea: onuuie 3MinHOI moeugunu, zinepzeo-
Mmempuuna Qynxyia Kymmepa, xonmaxm obononxu ma
KpYy2060i nnacmunu
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Ionyueno o6wee pewenue 3aoay uszuba Kpyzavix naac-
MuH, MONUWUHA KOMOPHIX MEHAEMCA N0 IKCNOHEHYUATILHO -
MY 3aKOHY C npuMeHeHUeM BbIPONCOEHHBIX 2unepzeomen -
puyeckux Qpynxyuii Kymmepa. Pewena 3adava xonmaxma
YUAUHOPUHECKOU 000104KU C KPY2080U NNACMUHOU nepe-
Menno moawunot 6 06uwem eude. Ilpednoxcena memoou-
Ka MUHUMU3AUUU MACCHL NNACMUHHAMBIX ITIEMEHMOE KOH-
cmpyxyuil kpy2060u popmout. Pazpabomana xoncmpyxuyus
30M1bL nepexo0a om OHUWA K CMeHKe, NPOHHOCH KOMOPOU
nposepena mMemooOM KOHEUHLIX INIEMEHMO8 6 PeanvHOM
npoexmupoearuu

Knioueevle cnosa: onuwe nepemennol monuuHsl, 2zunep-
eeomempuuecxkasn Qynxyus Kymmepa, xonmaxm obonouxu
U KpY20601 naracmunvl
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The main tasks in the design of machinery and vehicles
imply achieving the highest technical-economical and ope-
rational indicators: performance, operational reliability, and
cost. One of the most important factors when solving these
tasks is the minimization of mass of structures. The greatest
attention to the problem of reducing the mass is paid in
transport engineering. Thus, the thickness of passenger cars
made by different manufacturers is 1...2 mm; the thickness of
the unloaded sections of modern automotive bodies (wing,
trunk, etc.) does not exceed 0.7 mm, in some makes — 0.3 mm.

The trend of decreasing thickness is limited mainly by
the possibilities of manufacturing high-quality thin-walled
rolled metal.

In transport engineering, one of the main criteria of quali-
ty is the ratio g; of payload mass to the mass of the structure.
For marine transport, gy=2.3..7.0; for railroad transport,
81=2.0...2.5; for automobile transport, g;=0.5...1.5, for avia-
tion, g1=0.3..0.75. The larger magnitudes here correspond
to the largest size of vehicles. Similar characteristics are
calculated for stationary machines and apparatuses. These
data explain the steady trend of growth in the dimensions of
machinery and technological equipment.




W s o vaomr o0 Al i ol a8y il b st vl
oy pmienlling Ve et bl ogus Seagrl D odind am
M Ml s i e s sallams il sl afsas
e D i el e e geimaeiltls i sl
sor gumsillile o ¢ vwen Waibaw wenbee of e cades w40 g
aatuilbile apwa of dvimn weEen Wl o8 ol e ool
sl mabe (oin wlen el ss gpnewmnd dall
lmiidbonll e it b el st b 0 N ol i st il 5 Bt
aod et ol owstai aiiBan, R abinndn o0 B dieee st
P e B s Biona M Ritghonll dciingisitiands
ol wsimi et fe ol g s i S giel B it e e
o anflaw gosnis, The ollavtien smbition of dome of Sa o
Lot g e Dousdlial ot S ulling aoed tervise, o a larved
e e R e e o
R LT At TR C R L LT B

m_mdhm:udnﬂ
et o o e 4 b e s el B g B g gy
st H e e e P 0 R, A B
el gl s g o g W g g g g
R R P PR e R S L
il B sl Boy il andining dnge P o8 L
b AE b mn. M Grvillagpmend of siafeticed as
s s sumime 'y sune ol gur s 8 oy o o eplls
Al e sllw e ot o et @l

T e e e

Thon il B dnein Rortaws (el diefewiios B Goved of
wiphiaiial i Bt duaibs iy B SRS o 5 des B
ke bt e ol o Motal o e vl cond iy
sy Bor B BB 1 F) Par il pran o Waslion
e Erwmed i an Al @ BeFsinen o o PR
| sl Fe e el B ol 5 e el
Rpii i w R & o s b ol e sl gll e
w0 R v el e i e b o i
w0 ol elen g, ol the
P T P NPT EPT e T T ery
sadip” s unmiioigtn, O aod @ oo ila il G e gk bl
sni st (e kil o dad wel dle vee M
ey b Baill jurts e oo liet ogaslly stseg Tha conditton
o v i B 0 B A i el et e e st gl
il e gllern o oenn e e | B Bl ol e
e § 0 e S e ol dilhn o e s ol
B e T T AR B T S ey (PR ] P
ot i it il B Wl i il Bt [0 W s sigepnii
il plloin g s e Bams gl valladlan sy Siay amia o R
S i el g (1)

i tisitebiaao of S of Setad pllicus o o mliing < it
Bt o i vl i AR W

The S oo WiV & dirsiir B iewn oo el oo
Al iFAE e Sl e e e el el
Wil it alaggee o e st

T B o dieam b g, B oo g e e s B
vl e o ol it il W el i il i
o b dahen il o seghe el el stanad ol B
s lptomast. ol s guiiimnlinglly o8 S waiilaiied o ppplleind
el B s cmnng pid B cagm iy Tl Rataw San Sekagan
a b snglrmand anaf # 0 Ry waed @
prmitie Thas ouiol pllinry Wil 3 “iaifiooen Thas
it e s o T el Bl B el S i el
i e A 8 i g s S g ] 3

B s ot Baranliing W Beweiin w8 ol Db ool susdie
Nl o B oo of o ospotl giiin o ok aomnsr gl 3

allanagre ni S ngellipd dinwon, o S WORS el suan gawey,
engonnant atuall am sy Rown

The gl duge o el i o B ie
i i e b et i) Uidielanne sl
o s ab i o gerarsiel sl sl el B allesiaies
ol loluiorg e i b gl wil Gl s g
PEEL T L TEPEETELY DN [ S A B P
danapw of Mo pllite Moo atn Sl dimntichist o s 0 el
o el Dmelung swnsnnd NAr) desoann Tun e genn
o e g ad Ui O e enld diomes 5

i dawunien i s wid My =l Sush
Hn-inunqrdltlt el bagaid s 48
urrnal cottane & B imeen ittt R e o g

Wi s sllseeel v By 0 e o prelien i
s aitigplle amaida wi melB e 5 8 b b B s
[ TR S Y T T P T [ S ey
el ot b st pll e,

Bia wagrenaiciing Liw a4 lelgll de o balemms s g agaant
o it off i Mot bt

el

whem by b e dallavs 5 e senier o e plie, » =
o i

Pigrmtes @ duilsian e o higmsiiai sl @ Buasge oy ila i
s i ol Dl B (e quaiay e e gueglien
i, ol W s s & wpid el a5 = dirses (e
ety Wik & smiolan® Richarm The sy of sl tatan.

e Sl o€ vl ik Raem i lpm Bor hmrl) wmillat
pllefrs wndl giletey swunno o gllan. i i e aifsan
Whit (e e e

The geuldin am fonding o sl pline ek ey
B e R L TR e
wll sl sl il i i By 08 Pallfies G
ek b st ket i T Sl gy gl o
utptitiaid! o e il wptlain of i pllie: wluall fep e wlone
| T PRV R P L T e T i e e
el k2t sigh of Swn gl wins et oom Pluoaes of
Wb » domgiey ractgen SellSian S wens geshilan we
arnlling et pllafes w0h HiaE i Mlof ¢ g aiesd
ik i 8 e A s wes sl @ Byjieages
L N P e B e e
B T ™ e e T
e kel gl el g B g e
asmnluaial! Revjputngmrins i el o it ot B st o Wioltn 0
e Womgan v s B ot ety o Wl o sgmell gaal i
P sy 2o A Bviinn A el dvavm Dol o b
S (8] plaeien 1] woell Seiw i | 90 ouceseilogy [10]
Winllagy [ R7Y on

Mol 5igpnss g e sunp damvs dluapes o def B
aiel s i, el Laws sl dsriiere el e
et s s Bewm pnll sorseps o oppib
sy B, B eompllaiie il oas wfl B Bt s oo i,
i i s, Baii ihe s ol Whwsaiel mei (D0 BE] S
s il el sbiiangess il Bum e p el sniieoiall
whad v called wtaiiigs (FLM
Plates gt of FOM mw wamiming o B ol (ilawartarin
Has jlemeny, Swnllniin oF dlmnrmy ona § T dgearness (s
diiile il EEEeE T S5 a8 E plae sl Bl
iR i sk i el s s aellieea e
sl [ FR B B pllalion il i disiigllin ampilighsianes, §
i cppppiiie. dabal all g ee sl s Belle sb vl

we applly ML 117}
a



Much simpler are the problems on bending the round
plates of constant thickness, symmetrical relative to the cen-
ter (axisymmetric bend), in this case, a general solution to
the differential equation of bending is obtained in elementary
functions:

w,(r)=a,+a,r* +a,Inr+a,* Inr,

where w,(r) is the displacement of the median surface due to
transverse load; g; is the constants of integration.

Due to the simplicity of a given solution, an estimated
model is selected for a plate with equivalent stepwise-con-
stant thickness, or plates with such a shape are construc-
ted [18, 19]. Analytical calculation of such plates can be per-
formed applying the method of initial parameters. It should
be noted that at bending of plates with a stepwise-constant
thickness, zones of change in thickness are exposed to the
concentration of stresses. Such zones require special me-
thods, such as the method of finite elements (MFE).

When considering the above scientific sources, it
should be noted that their authors, when calculating round
plates of variable thickness, solve and analyze problems
only for simple boundary conditions (rigid fastening, free
leaning, or a free edge). Actual structures are often under
complex conditions when a round plate is in contact with
another elastic structure: an annular rim (pulleys, toothed
wheels, railroad wheels) or a shell (cylindrical, conical, or
another). Therefore, stating and solving the problems on
contact for plates of variable thickness with simultaneous
determining of the shape of a radial cross section, which is
achieved with a minimum mass, is an important theoretical
and practical task.

3. The aim and objectives of the study

The aim of present study is to minimize the mass of circu-
lar plate parts with regard to the conditions of contact with
other elements of the structure by enabling their variable
thickness. In this case, the strength and initial dimensions of
a machine or an apparatus remain unchanged.

To accomplish the aim, the following tasks have been set:

—to solve the problem on bending a bottom whose
variable thickness is assigned by the exponential Gaussian
function, and to determine the constant of integration from
conditions of contact with the wall of a cylindrical apparatus;

— to develop a method for the optimization of shape of
a radial cross-section of the bottom, which implies passing
from its shape as a plate with constant thickness to the plate
of variable thickness and minimal volume, through a rational
use of the specified material;

—to work out a rational design of the circular zone of
connection between the designed bottom and a body.

4. Statement and solution to the problem on bending
the bottom of a cylindrical apparatus under the action
of internal pressure g,

In apparatuses with flat bottoms, a cylinder wall typi-
cally has a constant thickness, which is determined from the
condition of strength of the shell at the moment-free stressed
state. The thickness of flat bottoms is also given as constant.
The reason for such structural solutions is explained by the

ease of making these elements in apparatuses, although in
the forged bottoms, the thickness in a zone of transition
to the wall always increases in order to reduce moment
stresses [20].

We shall accept that the wall of a cylindrical apparatus
has constant thickness A4, and thickness of the bottom 4
changes in line with law (1).

Place the origin of the O cylindrical coordinate system
at the center of the plate. We shall denote: z is the axial
coordinate, r is the radial coordinate. The problem is axisym-
metric, so the stresses and displacements do not depend on
the circular coordinate ¢. We shall conditionally separate
a wall of the apparatus from the bottom and accept the line
that crosses middle surfaces as a connecting line (Fig. 1). We
shall formulate compatibility conditions of deformations of
the wall of the vessel and the bottom at the connecting line,
at r=R and z=0: 6, =-9,; w, =0 (the deformation of stret-
ching the bottom is disregarded), where 6, and 6, are the
wall and the bottom turning angles, respectively, w, are the
radial displacements of the wall.

)
( 2
Fig. 1. Calculation scheme of a connection node between

the wall and the bottom of cylindrical vessel

Turning angle of the edge of the wall of the apparatus:

* DB 2Dp*

where My and Qy are the initial parameters (bending moment
and a lateral force, arising in the wall at z=0).

Cylindrical rigidity of the wall and the parameter that
determines attenuation speed of the moment state with
the growth of coordinate z are determined, respectively, by
formulae:

3(1-p?)

D(r) — W

e

3)

Radial displacement of the vessel’s wall edge in line with
a boundary condition produces an equation with two un-
known initial parameters:

M, Q, ( “)prz
M k12 g 4
“=2pp T2pp T\ " 2)En @

where E and p are the modulus of elasticity and Poisson’s
coefficient of the apparatus’s material.

Differential equation of bending, formulated for the
turning angle of normal @(7) to the median surface of the




bottom as a round plate, and upon replacing r = Rx takes
the form [2]:

d’¢ (1 do (1
F”L(;mc)ﬁ—(ﬁ_u")(p:

17 & x?
= ——]q(p)pdp= —pxeXP(—'L—), )
Ty 2
where a dimensionless multiplier is
% R
E K’

Solution to equation (5)

p=6(1-p?) (6)

2
b 2 2 2
x|cM 3_“,2;£ +CU 3_p'2;£ +
2 2 2 2

e (_n
. (3_;1)"‘”‘"( 2], ©)

<p(x)=%exp(—ﬁ2)x

where M(a, b; z) and U(a, b; z) are the Kummer’s functions of
the first and second kind with argument z=0.5n22 [21, 22].

It is known that Kummer's function of the second
kind U(a,b;2)|_, =< The turning angle of normal to the
curved median surface of the round plate @(0)=0, which is
why in (7) we assign C,=0. As a result, equation (7) takes
the form:

o(x)=

e P et
_|:(,‘2FK1(x)+(3_p)n:|aexp( 5 ), (8)

where for the Kummer’s function of the first kind the fol-
lowing designation is accepted:

S—p -, ml)
M( R )_FK,(x). 9

Boundary condition for the turning angles, given expres-
sions (2) and (8), produces the second equation for initial

q0ﬁ2R2D1 x

=)k

X

parameters My and Q that also includes an unknown cons-
tant of integration Cy:

. e/
2
DB 2Df

n n p
-G EFKM (1)exp(—§)= %ex

(10)

At transverse load, the plate is exposed to the radial and
circular bending moments:

R )

dx «x at)

Mo D;x)(w(x)wd(p(x))' o

x dx
which define estimated stresses

= 6M,(x)y
h*(x)

_6M,.(x)

c, = Ry (13)

Given (8), we obtain formula

M, (x)=

D, 1+p p  A+p-nx?
s benstlp syl o JHUTHE |
R[ in D) a2 (%) G-p) 5 (14)

where

ER} 1- nx?
D, mrme i Bty M 12 27 |
12(1-p?) CEE

The condition of equality of bending moments M, on
the edges of the wall and the bottom, in which for bottom
M,=M,(x)| _,, Fig. 1, produces equation:

M, =&|:C1n

1+ 1+p-
- _uFK2(1)+L._M]. (15)

2 (3-p) n

Solution to the system of three equations (4), (10) and
(15) takes the form:

(1+1)nFy, [ ERR-exp(=0.5n)+2D,B(2—p)(3-p) ]+ F,R-exp(=0.5n){ (n—p—1) Eh, =2(2—p)(3-p)p*nD, ]

(1+n)Fy,D, —2FBRD, exp(-0.5n) :

2q0R3

B?(2—p)(3—p)nD,D, + Eh, [ﬁRn exp(-0.57) D, +0.5(n—p— 1)00]

1 =

(3—p)n*D,Eh,

(1+p) Fy,D, —2F BRD, exp(-0.5n) '

_ qBR*D, (1+W)nFy,[ ERR exp(=0.57)+ DB(2—p)(3-p)]+(n—p—1)F,,REh,-exp(-0.5n)

" (3-w)nEh

(1+n)Fy,D, —2F BRD, exp(-0.5n)




These three quantities contain all the geometrical and
mechanical characteristics of the body, which are assigned
during design, except for parameter n. The procedure of de-
termining the magnitude » is demonstrated by the example
in the next chapter.

5. Optimization of the shape of a radial cross-section
of the bottom

The set task is solved for the following data: radius
of the inner surface of the wall Ri=1m, gy=5 MPa,
|o]=180 MPa. Material of machine is steel 16GS. The design
of the bottom, shown in Fig. 1, is simplified; we consider
it flat-concave, leaving dependence (1) for the variable
thickness. Such a shape somewhat reduces the concentra-
tion of stresses in the connection between the wall and the
bottom.

Estimated thickness of the wall (Fig. 2) [20]:

_ qR _ 05:52000
¢[o]-0.5g, 0.95-180-0.5-5

h, =29.67 mm.

We accept ;=30 mm.
The bottom’s thickness at /= const [13]:

o 0.45.1-2000, /i =150 mm.
[o] 180

The bottom’s thickness, variable in the direction of di-
mensionless radial coordinate x,

h, =0.45K,D

2
h(x):h,,exp('%} (16)
N T— TN
R
Y ¥ —i N
N 4 \
R ¥
\W'\” N
<! 2]
-~

Fig. 2. Schematic of a body with the bottom
of variable thickness

(1+1)nFy, [ Ky-exp(=0.5n)+ 2K, |+ Fy,R-exp(=0.5n)[ (n—p—1) Eh, - 2(2-p)(3-p)B*nD, |

Dimensionless multiplier (6) in this case accepts values:

; R?
=6(1-p) L. = =
p=6( u)E 7
3
=6-(1—0.32)~2.f05-%2—:0.04-10'3,

and the cylindrical rigidity of the wall:

b o EW __ 2:10°-30°
T12(1-p?) 12(1-0.3?)

=4.945-10° Nmm.

The cylindrical rigidity in the center of the bottom and
parameter of the wall:

3 : S 41503
DBsaad -t 19 _618.13-10° Nmm.
12(1-p*) 12(1-0.3%)
3(1-p?) _,[3.1-03%) o
ﬂzVI RhZ\ 10007 30° =7.42-10" mm".

We shall determine the magnitudes of coefficients:
= 9,BR’*D; <
" (3-n)ER,

_5-7.42-107°-1000%-618.13-10° _
(3-0.3)-2:10°-30

=1415.6-10° Nmm,

K,=DB(2-p)(3-n)=
=4.945-10*-7.42-10°-1.7-2.7=168.4-10° H,

K, =ERR=2-10°-30-1000=6-10° H,
Z,(n)=(1+n)Fy,D, — 2F, BRD, exp(—0.5n).

Taking into consideration these coefficients, formulae
for the initial parameters My, Q;, C; of the problem take
the form:

Q, =Pk, Zo(n) ’ ol

- 2R KBD,+ Eh[BRnexp(-0.5n)D, +0.5(n—p—1)D, | (18)
" pn'DyD, Z,(n) '

M, =K, (1+u)nFy, [ K,-exp(-0.57)+ K, | +(n-p—1) F K, -exp(—O.Sn). (19)

Z,(n)




We assume the thickness of bottom in the center
ho=120 mm, next we build the surface of equivalent (in line
with von Mises theory) stresses 6.(x, n), which are determi-
ned through main stresses (13):

o =6’ -0,0,+0’

and the plane of permissible stresses to be [6]=180 MPa;
next, using a graphical technique, we determine the pa-
rameter of change in thickness 7. This parameter must be
positive, because the thickness of the bottom must increase
when approaching its contour, that is, at x— 1. To determine
the character of change in the thickness of the bottom, it
is necessary to find parameter n, responsible for a given
change. Its magnitude must be such so that stresses in the
bottom do not exceed permissible ones. To determine the
range of values of n, at which condition ¢,<[o] is met, we
build, in the first approximation, surface o.(x, 7) in the range
n=0.1..2 (Fig. 3).

Fig. 3. Surface of equivalent stresses G, and plane of
permissible stresses [6] =180 MPa at n=0.1...2:
a — top view; b — bottom view

An analysis of the character of surface of stresses o, in-
dicates that the condition of strength is satisfied under any
values of argument x if the parameter is within 0.1 <n<0.25.
Building the surface 6,.(x, n) in this narrowed range made
it possible to find the resulting magnitude of parameter
n=0.1448 at which maximum stresses do not exceed 192 MPa
and are distributed almost evenly. We accept that the ma-
ximum stresses may exceed the permissible ones by 7 %, that
is, be equal to 193 MPa. Thus, at n=0.1448, the condition of
strength:

0,... =192<[0]=193 MPa

is satisfied. Thickness of the bottom as a function of radius
is determined from formula:

h(x)=120-exp(0.02413x).

6. Construction of the annular zone
of connection between the bottom and the wall
of the apparatus

Dimensions of the conical zone of transition from the
bottom to the wall are determined based on the recommen-
dations from reference book [20].

Conical transition is formed by two surfaces, radius
with 7,2k, and conical with horizontal A, >0.6h, and
vertical s, 21.8h, cathets (Fig.4). In this case, when de-
termining thickness A, =150 mm, we have 7, =150 mm,
h,20.6-150=90 mm, A, 21.8-150=270 mm. Flange height
is determined from inequality %, >%,. Accept 7, =150 mm,
h, =270 mm, 4, =150 mm.
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Fig. 4. Schematic of conical transition from the bottom
to the wall of the apparatus

Calculation of stresses in the transition zone, which
has a complex geometry, is impossible using analytical me-
thods. Such objects are successfully treated with sampling
methods.

In this case, we used the finite element method (MFE)
in the software ANSYS. To simplify the procedure, boundary
zones of the vessel are taken to be equal (two bottoms); the
sampling of the structure is shown in Fig. 5, 6. Preliminary
calculation was performed at larger FE and was refined at
smaller FE.

Construction was executed in successive steps, at each of
them, based on the results of analysis of the previous step, we
improved the designed structure, in this case — in order to
reduce stresses in the transition zone bottom-wall.
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Fig. 5. Simulation of the body. Grid of large-size
elements
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Fig. 6. Simulation of the body. Grid of smaller-size
elements

At the first stage, the calculation was performed in
the absence of rounding, 7, =0 for thickness at the cen-
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ter of the bottom hy=120 mm. Calculation using MFE
produced maximum stresses in the zone of transition
245.2 MPa; they, however, exceed the permissible stres-
ses [6]=193 MPa (Fig. 7).The calculation showed that
a decrease in thickness in the center (120 mm instead of
150 mm) did not cause an overload in the bottom itself as
a result of assigning a variable thickness.

500,00

Fig. 7. Calculation of the transition zone
(the first stage of constructing)

At the second stage, transition from the conical surface
to the wall of the vessel was performed using the rounding by
a radius, which, based on the recommendation from reference
books [20, 23], is equal to the thickness of the wall, 30 mm.
It was established that the overstress in a given zone of the
conical transition amounted to 23 %.

The final, the third, variant of the calculation was per-
formed for the scheme shown in Fig. 8.

Construction with a consistent increase in the rounding
radii of the conical transition at each new stage makes it pos-
sible to ultimately meet the criteria of strength at a minimal
consumption of material.

187,59 Max
166,76
145,93

1251

62,607
41,776
20,945
0.1135 Min

b

Fig. 8. The third stage in the construction of geometry of the transition zone from
the bottom to the wall: @ — construction of the transition zone; b — distribution of equivalent
stresses defined using MFE




7. Results of the study into the minimization
of mass of round plates

It was established that the calculation of the bottom as
a component in the design of the body of an apparatus is
implemented in a closed analytical form using the Kummer’s
functions. The result of present research is the confirmation
of a possibility to reduce the mass of round flat bottoms,
established for the round plates, applying simple techniques
from papers [2, 23, 24]. The calculations show that a decrease
in the mass of the bottoms of vessels in the transition from
the fixed thickness to the variable thickness can range from
10...25 % (larger values from a given range are reached when
the magnitudes of pressure go and radius R increase).

The positive effect of present study is confirmed by
the practical implementation of the applied methods of
optimization in an actual CAD system, employed in the
production of vessels that operate under pressure. For this
purpose, we provided PAT «Berdychiv Machine-Building
Plant Progress» (Ukraine) with the software «CAD system
for flat bottoms of vessels loaded by internal pressure» with
a block-hierarchical structure. Its elements include the fol-
lowing units: initial data, technical task, formalization of the
object, mathematical model, and the optimization of design
by the brute force method.

8. Discussion of results of examining the method
for optimizing the shape of a bottom

Calculation of a round flat bottom of variable thickness as
the element of a vessel’s body, which operates under pressure,
is based on the method of mathematical modelling of the bot-
tom proposed in papers [1, 2, 25].

The advantage of the developed calculation method is
the representation of solution in the analytical form. The
obtained formulae make it possible to estimate the impact
of separate characteristics of the structure (material, wall
thickness, bottom thickness, dimensions) in the analytical
or graphical fashion without repeatedly solving the problem.

The shortcoming of the proposed mathematical model of
variable thickness A(7) in the form of a Gaussian function (1)
is the inability to create a perfect equally-stressed design of
the bottom. This task can be resolved by optimizing the func-
tion A(r) for separate annular zones of the bottom.

The proposed method of optimization of the shape of
a radial cross-section of the bottom is demonstrated in pre-
sent paper using as an example the calculation of the bottom
of a vessel loaded by internal pressure, for which we achieved
a substantial reduction in the mass of the bottom.

A variable shape of the cross section appears rational for
many structures with round plate parts. The proposed proce-
dure to minimize the mass is applicable in the presence or ab-
sence of reinforcements of contours (diaphragms of pipelines
and vessels, screw shafts, etc.). It is recommended to use the
method developed for solving the problem on minimizing the
mass of flat parts with a round or an annular shape.

If appropriately improved, a given method could address
problems on a cyclically symmetrical loading of round plate
parts with variable thickness (flat lids of apparatuses, disks
of toothed of rail wheels, disk locks of pipelines). We plan to
solve the problems of this type in the future studies.

6. Conclusions

1. We have proposed a mathematical model for the bot-
tom of a tank with variable thickness in the form of a Gauss-
ian function (1). The problem on bending the bottom, con-
nected to the wall of a cylindrical apparatus, was reduced to
a system of three algebraic equations. The resulting analy-
tical solution includes all the preset mechanical and geo-
metrical characteristics of the structure.

2. We have developed a method of optimization of the
shape of a radial cross section of the bottom of an apparatus
for the criterion of a mass minimum, based on the analysis of
a three-dimensional graphical interpretation of the condition
of strength. The method makes it possible to significantly
reduce the radial uneven distribution of equivalent (in line
with von Mises theory) stresses in the bottom.

3. The most dangerous in an apparatus is the annular zone
of connection between a flat bottom of variable thickness and
a cylindrical wall. Momentous stresses in this region exceed
the stresses in a cylindrical wall by 3...4 times. A reduction
in stresses to the level of permissible ones is achieved by
applying a conical transition with smooth rounding. The
rational form of transition is constructed by sequential ap-
proximations using MFE at every stage. For the designed
bottom with variable thickness, the reduction in mass is 22 %
compared with the bottom of constant thickness.
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