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MULTIPARTICLE FIELDS
ON THE SUBSET OF SIMULTANEITY

1. Introduction

We propose a model describing the scattering of hadrons as bound states of their constituent
quarks. We build the dynamic equations for the multiparticle fields on the subset of simul-
taneity, using the Lagrange method, similarly to the case of “usual” single-particle fields. We
then consider the gauge fields restoring the local internal symmetry on the subset of simul-
taneity. Since the multiparticle fields, which describe mesons as bound states of a quark and
an antiquark, are two-index tensors relative to the local gauge group, it is possible to consider
a model with two different gauge fields, each one associated with its own index. Such fields
would be transformed by the same laws during a local gauge transformation and satisfy the
same dynamic equations, but with different boundary conditions. The dynamic equations for
the multiparticle gauge fields describe such phenomena as the confinement and the asymptotic
freedom of colored objects under certain boundary conditions and the spontaneous symme-
try breaking under another ones. With these dynamic equations, we are able to describe the
quark confinement in hadrons within a single model and their interaction during the hadron
scattering through the exchange of the bound states of gluons — the glueballs.

Keywords: multiparticle fields, problem of simultaneity in relativistic quantum theory,
confinement of quarks and gluons, Higgs mechanism, energy-momentum conservation law in
hadron processes.

partially explained our viewpoint in the previous arti-
cle [12]. The use of multitime probability amplitudes

Probably for the first time, the idea of multiparti-
cle fields was proposed by H. Yukawa [1-3|. H. Yuka-
wa called these fields “nonlocal” fields. We use an-
other term “multiparticle fields” to show the differ-
ences between our model from the model proposed
by H. Yukawa. The most essential difference between
the proposed model from not only the Yukawa model,
but also from models on the light cone [4, 5], quasi-
potential models [6-8], and models with multitime
probability amplitudes [9-11] is that, in our opinion,
the internal variables of such fields in different iner-
tial reference systems cannot be related to each other,
whereas these variables are connected by Lorentz
transformations in the said models. We have already
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in [9-11,13-15], other works of this direction, and the
above-mentioned works contradicts the principles of
quantum theory, because it does not consider, in our
opinion, the measuring instrument influence on the
state of a microsystem. In more details, we explain
it in work [16], where we proposed an alternative
approach to ensuring the simultaneity of quantum-
mechanical measurements in different reference sys-
tems, and introduce a subset of simultaneity of the
Cartesian product of several Minkowski spaces. On
the other hand, the existing field theories are con-
sidered in such a way that all interaction effects are
reduced only to changes in the occupation numbers of
the single-particle states of free particles. This leads
to the fact that, in such models, when the dynamics
of processes is described, the sum of energy-momenta
of these one-particle states is conserved. At the same
time, the energy-momentum of hadrons, but not of
constituent particles, must be conserved for the pro-
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cesses with hadrons. The model of multiparticle fields
on the subset of simultaneity proposed in this article
allows us to construct a dynamic description, which
is free of the mentioned problems.

2. Scalar Product on a Subset of Simultaneity

Let us consider a meson as a two-particle system con-
sisting of the constituent quark and antiquark. The
time and coordinates of the Minkowski space of the

first particle will be denoted <x?1),x(11),x%1)7x?1)),

for the second particle (x?Q), a:(lz), xé), x?z)). Here, as
usual, the index 0 denotes the time coordinate of
the event, and 1,2,3 are the spatial coordinates. The
lower indices in parentheses identify the first and
second particles. The parentheses are used to distin-
guish these indices from the covariant coordinates
of the event. The upper indices are used to de-
note contravariant coordinates. The Cartesian prod-
uct of Minkowski spaces for two particles is an eight-
dimensional linear space. Its elements can be consid-
ered as columns

0
Z'gl)
3751)
xgl)
2= 40| (1)

?

152)

T gy
yE%’z)

We introduce a scalar product in this eight-
dimensional space by the following expression:

1 inc,.a inc ,.a
(zlz) = 5 (9% 2ty + Gap T/(z)fl()z)) (2)
Minc

Here, g,,¢ is the Minkowski tensor. The indices a
and b are repeated and summed up, and each of these
indices takes the value of 0,1,2,3. Then it is conve-
nient to use the Jacobi coordinates

a 1 a a a a a
X =3 (ot + Ty)s Y° =y — oy (3)

In view of (3), the expression for a scalar product (2)
takes the form

: 1
(e} = e (30 + o). (1)
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A condition for the subset of simultaneity in coordi-
nates (3) reads

y’ = 0. (5)

The coordinates of a point on a subset of simultaneity
are denoted by a seven-component column

We define the scalar product on a subset of simultane-
ity so that it coincides with product (4) with regard
for condition (5):

(dlq) = gavg®q", (7)
where the metric tensor is
10 0 0 O O O
0-1 0 0 0 0 O
00 -1.0 0 0 O
g*=]10 0 0 -1 0 0 O (8)
00 0 0 -4 0 O
00 0 0O 0 -4 0
00 0O 0O 0O 0 -4

The multiparticle field will be described by a set of
field functions ¥, (¢) = ¥, (X,y). Here, X is a set of
coordinates X°, X!, X2, X3, and y is a set of internal
variables y!, 2, y3. The index a enumerates different
components of the field, and its range space is de-
termined by the representation of a transformation
group, which describes the transition from field func-
tions relative to one reference system to field func-
tions relative to another reference system. The group
of matrices acts on a subset of simultaneity as follows:

A A9 A A 0 O O

Ay AL AL AL O 0 0
A2 A2 A3 A2 0 0 O
G- |A3 AT A3 A3 0 0 O (9)

0 0 0 0 R' R, R}
0 0 0 0 R? R R?
0 0 0 0 RS R} RS

The indices of the G} matrix take the values from 0 to
6. Af,a,b=0,1,2,3 are the elements of the Lorentz
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transformation matrix, and Rf,a,b = 1,2,3 are the
elements of the rotation matrix.

The scalar product (7) with the metric tensor (8)
is invariant relative to the group transformations (9).

Hence, our further aim will be to construct a quan-
tum field theory not on the Minkowski space with
the Lorentz group, but on the above subset of simul-
taneity with group (9). In work [16], we show that
if the Minkowski space is replaced by a subset of si-
multaneity and the Lorentz group is group (9), then
such a theory can be constructed in the same way as
a “usual” one-particle field theory. At the same time,
such a model conforms to the principle of relativity.

3. Lagrangian of a Two-Particle Meson Field

We use the notation ¢, ¢, 1.7, (¢) for a two-particle
meson field, which describes, after the quantization,
the processes of creation and annihilation of bound
states of a quark and an antiquark. Here, ¢ is a set
of seven variables (6). Indices with subindices 1 and 2
correspond to an antiquark and a quark, respectively,
c1 is the color of an antiquark, and cg is the color of
a quark, fi is the flavor of an antiquark, and f5 is a
flavor of a quark. Accordingly, the field ¥, c,, 1,1, ()
takes the value, for which the mixed tensor represen-
tations of the SU, (3) and SU; (3) groups are realized:

,(/J/Cwmfl 2f2 (q) =

= ul wl, uh D Veses pati (0):

(10)

Here, u((f;)q are the elements of an arbitrary matrix
of the SU. (3) group and USCJ: }4 are elements of an inde-
pendent matrix of the SU; (3) group. A sign 1 is used
to denote the elements of the adjoint matrix. Dupli-
cate indices usually mean the summation. The dy-
namic equations for the field 9 ¢, f,.7, (¢) must be
symmetric relative to transformations (10).

Moreover, the dynamic equations must be sym-
metric relative to group (9). The simplest Lagrangian
that generates such equations can be written in the
form

L) — gab 8wzlc21f17f2 (9) a¢0102,f17f2 (9) _
=9 a b
Jdq dq
- Miwzlcz,fl,fz (Q> wclc2;f17f2 (q) (11)

Here, g are the tensor components (8), and the term
M,, will be considered as the “bare” meson mass. The
“real” meson mass was considered in [16].
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Since the field ¥¢,¢, 1., (¢) must describe the dy-
namics of the bound states of a quark and an anti-
quark, Lagrangian (11) is obviously incomplete, be-
cause it does not involve the interaction between
a quark and an antiquark, which ensures the exis-
tence of a bound state. As usual, such an interac-
tion can be introduced, if we demand the symmetry
of the Lagrangian relative to the local transforma-
tions of the internal symmetry in the form (10). Since
the existence of a meson as a bound state of the
quark and the antiquark is due to the strong inter-
action, we choose the symmetry relative to the lo-
cal SU, (3)-transformations. This symmetry can also
be achieved in the usual way, if we will replace the
“ordinary” derivatives in Lagrangian (11) by the co-
variant derivatives and will introduce the correspond-
ing compensating fields Aggl (¢) and Aggl (q).

Further, instead of these fields, it would be conve-
nient to consider their linear combinations, similarly
to Jacobi variables,

1
A%, (@) = 5 (48, () + 48, )
AC) (9) = AD), (9) — AL) ().

Alocal SU. (3) group representation is given for the
domain of values of the field functions ¥c,c,, 1, £, (9)-
So, this domain may be decomposed into a direct sum
of subspaces which are invariant relative to transfor-
mations of this representation. Since the hadron is
colorless, we will be interested in a field that has
a nonzero projection only on a subspace, on which
a scalar irreducible representation is realized. This
means that the field ¢, ¢, t,., (¢) can be given as

60102¢f1,f2 (q)v

where ¢, ¢, (¢) are the new field functions for the dy-
namical equations, which should describe, after the
quantization, the processes of creation and annihila-
tion of mesons. These dynamic equations can be ob-
tained from the Lagrangian with covariant derivatives
that is formed, if we substitute (13) with regard for
notation (12). After these transformations, this La-
grangian takes the form

Ly =3g"" 0v5, 1,(0)/04") 0¥y,.1.(a)/0q") +
+V(@V} 1 (@Ys 1. (0) —

—3M5¢}1,f2(Q)¢f1,f2(Q),
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(12)

"/}6102’f17fz (Q) = (13)

(14)
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where

V(g) = 229" A) (g) A7) (a).

a,g1 b,g1

(15)

4. Dynamic Equation for the Field V (q)

In order to obtain the dynamic equations for a two-
gluon field, we consider the simplest tensor that can
be formed from single-gluon fields

(A< () AL (q)), a,b=4,5,6.

Aab,glgg (q) a,g1
(16)

Extending the linear space of the tensors Agp, g, 4, (¢)

relative to group (9) into the direct sum of invari-

ant subspaces, we pick a term corresponding to the

projection on a scalar subspace

(17)

Aab,9192 (q) = _A9192 (q) Gab + .- -

Convolving both sides of equality (17) with the metric
tensor ¢®°, we obtain

4
A9192 q ? 22<bg1

Then we apply a similar procedure for internal in-
dices. Considering the coupling equations obtained in
[16] and definition (15), we get

A9192 (q) =A (q) 5915]2 +

A =136 (45, @ AL @) = 17 (@)

b=4

(a) AS,), (@) (18)

(19)

The kinetic part of the Lagrangian for the Ay, 4, (¢)
field can be given as

L(O) _ 1gab 8149192 ( ) aA!1192 (q) _
@ 2 dq® OqP

Aglgz (¢ )Aglgz (q)-

~in (20)

Replacing ordinary derivatives by covariant ones
and performing some calculations described in [16],
we obtain the Lagrangian

1 4o oV (q) 9V (q)

Lv = 2 dq*  Ogb +
FE @)~ SMAV (@) (21)
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Having a Lagrangian for the field V (¢), we can
obtain a dynamic equation for this field such as the
Euler—Lagrange equation:

ca 82‘/ (q) 2 9

8qcaqa - MGV (Q) + i(v (Q))2 =0.

(22)

We introduce the function V (g)
regard for (6)) in the form

=V (X,y) (with

V(X,y)=W({y)+W X)),
Vi(X,y) =V (X,y) -V (y)

Then the function V; (y) , will enter the complete La-
grangian as the potential energy of interaction of non-
relativistic constituent quarks. At the same time, it
will satisfy the equation

(23)

AV () - MEVo (v) ~ S () =0 (24)

Analyzing the properties of the solutions of
Eq. (24), we can obtain information about the in-
teraction potential for quarks. Before analyzing these
properties, we will make this equation to be dimen-
sionless.

Let us introduce the dimensionless internal coordi-
nates r, dimensionless glueball mass m¢, and dimen-

sionless potential energy u (r):

=lr, Mg = l_lmg,

2 (25)
Vo (y) = Vo (ir) =17 u(r).
Then, instead of Eq. (24), we obtain
2 9 2
4Au (r) — mgu (r) — Q(u (r))” =0. (26)
Here, A, = Zb 1 a EOH is the Laplace operator in

dimensionless Varlables

We now consider the properties of a spherically
symmetric solution of Eq. (26). In order to transform
the variables r (7“1, r?, 7‘3), we pass to spherical coor-

dinates and make the standard replacement

dr? 8 r
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Fig. 1. Results of the numerical calculation of the dimension-
less inter-quark potential u (r) as a function of the dimension-
less distance r for C = 1.1, m%/9 = 0.1

_61||J||w|w1|x|w||w1|;w|11|l:||

-8

-10- L

u(r)

Fig. 2. Results of numerical calculations of the dimensionless
inter-quark potential u (r) as a function of the dimensionless
distance r for C = —15.5, mZ,/9 = 8.7

In order to analyze the properties of solutions of
Eq. (28), we use an analogy with classical mechan-
ics. We will consider the independent variable r as
an analog of the time. We will call the quantity x a
“coordinate”. Let its first derivative dy/dr be a “ve-
locity,” and let the second derivative d?x/dr? be an
“acceleration”. The dependence of “acceleration” on
“coordinate”, which is determined by the right part
of Eq. (28), leads to the fact that, on the coordi-
nate plane (r,x), there are three domains [16]. In-
side each of them, the “acceleration” has a constant
sign. So, if the graph x (r) gets into one of these
three selected domains, then the following path of
this graph is determined by the corresponding sign of
the “acceleration”.

Let us establish the boundary conditions for the
function x (r). We can see from Eq. (27) that if we
want to obtain the finite potential energy u (r) for all
finite values r, we should fulfill the condition

X (T)|r:0 =0. (29)
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At that, the “initial velocity” should not be equal to
zero, and we can set it to a certain real number:

dx (r)
dr

=C, CeR.

r=0

(30)

We now consider the properties of a solution of
Eq. (28) depending on the selection of the value C.

Let the solution satisfy the boundary conditions
(29) and (30) with C' > 0.

In Fig. 1, we see that, as r increases, the inter-
quark potential w (r) tends to infinity. Consequent-
ly, the considered model describes the quark con-
finement.

If C < 0, the potential u (1) tends to some negative
constant value. Thus, the eigenvalue of the squared
internal Hamiltonian will definitely be negative. Since
this eigenvalue is a coeflicient at the squared field de-
scribing the bound state of two gauge bosons, this
corresponds to the mechanism of spontaneous sym-
metry breaking. In this case, the result of numerical
calculations of the u (r) dependence on r is presented
in Fig. 2.

5. Conclusions

In the proposed model, the strong interaction be-
tween the quarks in hadrons can be caused by the
exchange of the bound states of gluons — the glue-
balls. The field V (X,y), according to glueballs, can
be represented as a sum of two terms,Vp (y) and
V1 (X,y). The field V; (y) is not quantized and de-
scribes the strong interaction of quarks and gluons
inside mesons and glueballs. This field satisfies the
dynamic equation which describes the confiment of
quarks and gluons under certain boundary conditions
and spontaneous symmetry breaking — under another
ones. When the bare mass of a glueball has a zero
value, all solutions of this equation, irrespective of the
boundary conditions, will lead to the confiment. The
field V1 (X,y) can be quantized. Though we did not
consider the quantization procedure for multiparticle
fields in this work, it is not different from the proce-
dure described in work [17]. The operators obtained
after the quantization will describe the processes of
creation and annihilation of glueballs, as shown in
[17]. Accordingly, the considered meson field quanti-
zation leads to the operators of creation and annihila-
tion of the mesons. The meson interaction due to the
interaction of constituent quarks can be described as
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the exchange by scalar glueballs. This approach dif-
fers from the one-particle field approach, because, in
our model, the energy-momentum conservation law
holds true precisely for hadrons, and not for the con-
stituent particles.
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BATATOYACTUMHKOBI IT1OJIA
HA TIIJIMHO>KMHI OAJHOYACHOCTI

Peszmowme

B pobori mpononyeTbcst MOmesb Ui OIUCY IIPOLECiB PO3cisi-
HHSI TQJPOHIB K 3B’SI3aHUX CTAaHIB KOHCTUTYEHTHUX KBapKiB.
Ha migMHOXKUHI 0JTHOYACHOCTI PO3IVISIIAETHCS IOOYI0BA TIMHA~
MiYHUX PiBHSAHB JUUIsE 6araTOYaCTUHKOBUX IOJIIB 3a JOIIOMOTOIO
Meroxy JlarpaH»ka, aHaAJOriYHO TOMY, SIK Il€ POOUTHCS JJIsi
“3BruyaiiHuX’ OJHOYACTHUHKOBUX I0JiB. Po3rissHyTo Kasibpy-
BaJIbHI 1OJIs1, $IKi BiJTHOBJIIOIOTH JIOKAJIbHY BHYTPIIIHIO CHMe-
Tpil0 Ha HiAMHOXKWUHI omHO4YacHOCTI. [Ij1s1 6araTo4acTUHKOBUX
I10JIiB, 1[0 OIHUCYIOTh ME30OHM K 3B’sI3aHi CTaHW KBapKa i aHTH-
KBapKa i € IBOIHJIEKCHIMH TE€H30PaMH BiJHOCHO JIOKAJIBHOI Ka-
Ji6pyBaJIbHOI IPYIIH, 3AIIPOIIOHOBAHO MOJEJNb 3 JBOMAa PISHUMH
KaJIibpyBaJbHUMHU TOJISIMU, KOXKHE 3 sIKMX IIOB’si3aHe 31 CBOIM
ingexkcoM. Taxki 1oJsisi IepeTBOPIOIOTHCS 3a OHAKOBUM 3aKOHOM
IpHU JIOKAJILHOMY KaJlibpyBaJIbHOMY II€PETBOPEHHI i 3a/10BOJIb-
HSIIOTh OJIHAKOBUM JIMHAMIYHUM DIBHSIHHSIM, aJie Ha HUX HaKJIa-
IaloThCs pi3Hi Kpaiiosi ymoBu. llpu neBHux KpailoBUx ymoBax
i PIBHAIHHS OIUCYIOTH TaKi (isu4Hi SABUINA, IK KOHMAXHMEHT
i acUMITOTUYHY CBOOOIY KOJIBOPOBUX OO’€KTIB, a IpHU iHIINX
KPallOBUX YMOBaX — Me€XaHi3M CIIOHTAHHOI'O ITOPYIIIEHHS CHMe-
Tpil. i gunamiuni piBHSHHS IO3BOJISIOTH B MeXKaX OJHIET it
Ti€T K MOJIeJIi OIUCaTH K yTPUMaHHsI KBapKiB BCEpEeIMHI Ta-
IpoHiB, Tak i IX B3a€MO/il0 B Iporecax PO3CIAHHSA Ta/IPOHIB,
HUIAXOM OOMiHY 3B’SI3aHMMU CTaHAMU IVIIOOHIB — IUII000JIaMU.
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