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SHARP WEAK TYPE ESTIMATES FOR MAXIMAL OPERATORS
ASSOCIATED TO RARE BASES

PAUL HAGELSTEIN, GIORGI ONIANI, AND ALEX STOKOLOS

Dedicated to Dmitriy Dmitrishin on the occasion of his fifty-fifth birthday

ABSTRACT. Let B denote a nonempty translation invariant collection of intervals in R™
(which we regard as a rare basis), and define the associated geometric maximal operator Mg
by

Mpf(z) = sup ﬁ /R £l

zEREB
We provide a sufficient condition on B so that the estimate

n—1
o e R : Myf(x) >} <, [ (1+1og+ m)
Rn « o

is sharp. As a corollary we obtain sharp weak type estimates for maximal operators associated
to several classes of rare bases including Cérdoba, Soria and Zygmund bases.

1. INTRODUCTION

Let B be a basis in R™, which we can treat as a collection of sets of positive finite measure
covering R™. We may associate to B a geometric mazximal operator Mg defined on measurable
functions f on R™ by

Maf(e) = sup o [ 1f].
zeReB |R| R

Two well-known examples of geometric maximal operators include the Hardy-Littlewood

mazimal operator Mgy and the strong maximal operator Ms. For the Hardy-Littlewood

maximal operator, the basis B consists of all cubic intervals in R"™; for the strong maximal

operator, the basis consists of all intervals in R". (For clarity, in this paper an interval in R™
is a rectangular parallelepiped whose sides are parallel to the coordinate axes.)

The Hardy-Littlewood maximal operator satisfies the weak type (1,1) estimate
o € R M f( i
My $)>Oz}|§0n o

Rn
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The strong maximal operator satisfies the weaker estimate

n—1
(1) {x € R": Msf(z) > a}| SC’n/ m(l—l—logf%)
n
and moreover this inequality is sharp in the sense that, if ¢ : [0,00) — [0,00) is a convex
increasing function with lim,_,. # = 0, then there is no finite constant C, , such
that the estimate

e Mf(o) > )l < o [ o))

holds for all measurable functions f and a > 0.

Geometric maximal operators associated to rare bases occupy a fascinating middle ground
between the Hardy-Littlewood and strong maximal operators. Significant mathematical work
on the topic on rare bases has been done by, among others, Zygmund [14], Cérdoba [1],
Soria [9], and Rey [8]. For the purposes of this paper, a rare basis is a translation invariant
collection of some (but not all) intervals in R™. The problem of finding a sharp weak type
¢(L) estimate for the maximal operator Mp associated to a rare basis B is of central impor-
tence in the area. A natural conjecture (see, e.g., [5]) is Mp must satisfy a sharp weak type
L(1+log® L)* estimate for some k € {0,1,...,n—1}. This conjecture in the two-dimensional
case was proven by Stokolos [10] (see also [13]). Note that for any rare basis B, the associ-
ated geometric maximal operator Mp is dominated by the strong maximal operator Mg and
hence Mp automatically satisfies the weak type L(1 + log™ L)"~! estimate (1). Results of
Stokolos [10, 11]; Dmitrishin, Hagelstein, and Stokolos [3,5,6] and D’Aniello and Moonens [2]
have provided examples of a variety of multi-dimensional rare bases in which this worst-case
estimate is sharp. The purpose of this paper is to present a generalization of results in these
papers that provides a set of conditions on a rare basis B that will guarantee the sharpness
of the weak type L(1 + log™ L)"~! estimate on Mp.

In Section 2 we will state the main theorem of this paper and provide the associated
requisite terminology. Section 3 will be devoted to a proof of the theorem. In Section 4 we will
provide a useful generalization of our main theorem and subsequently provide applications of
our results, in particular showing how they imply that Cérdoba, Soria and Zygmund bases in
R™ generate geometric maximal operators for which the weak type L(1+log™ L)"~! estimate
is sharp.

2. TERMINOLOGY AND STATEMENT OF MAIN THEOREM

Let B be a rare basis in R™. The spectrum of B will be defined as the set of all n-tuples of
the type

(Mog [Ral], ..., [log | Rn[])

where Ry x -+ X R, € B, [z] denotes the least integer greater than or equal to x and here
and below log stands for log,. The spectrum will be denoted by Wp.
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Let us call a set W C Z a net for a set S C Z if there exists a number N € N such that
for every s € S there exists w € W with |s — w| < N.

Given a set W C Z™ and t € Z" !, we let W, denote the set {T € Z: (t,7) € W}.

Let us call a set W C Z" a net for a set S C Z" if W, is a net for S, for every t € Z" 1.

If k€ {1,2,...,n}, we let 7, : R® — R* denote the projection defined by m(z1,...,7,) =
(X1, ..., 2k) -

If S1,...,S, C Z, we say that the set W C Z" is dense in the set S; x --- x S, provided
the sets

71-1(I/V)> 7T2(W)> R 71-n(VV) =W
are nets for the sets
Sla 7TI(VV) X 527 ) 7Tn—l(VV) X Sna

respectively.

Our main theorem is the following.

Theorem 1. If for a rare basis B in R™ there exist infinite sets Sy,...,S, C Z for which
the spectrum of B is dense in S1 X --- X S, then the mazimal operator Mg satisfies a sharp
weak type L(1 + log™ L)"! estimate. Moreover, for every a € (0,1) there exists a bounded
set E, C R™ with positive measure such that

n—1
1 1
{x € R": Mp(xg,)(x) > a}| cha<1+loga> |Ey .

3. PROOF OF THEOREM 1

Lemma 1. Let B be a rare basis and suppose each of the intervals from B has dyadic
side lengths. Suppose Si,...,S, C 7Z are infinite sets and the spectrum of B is dense in

S1 X -+ x S,. Then for every k € N there exist increasing sequences (Sl,m)ﬁq:m e (sn,m)%zo
with members from Sy, ..., S, respectively such that for every n-tuple (my, ..., m,) belonging

to {1,...,k}"™ there exists an interval Ry X --- X R, from the basis B for which |R,| €
(251,777,171’ 251,777,1]7 ceey |Rn‘ e (2511,777,77,717 257L,mn]'

Proof. Since m(Wp) is a net for Sy, there exists a number N such that for every s € Sy there
exists 7 € m (W) with |s — 7| < N. Let ag9 < --- < a2, be numbers from S; such that
Q1 — 0 m—y1 > N for every m € {1,...,2k}. Set s1,, = @19, (m €{0,...,k}). Then it is
easy to see that

(2) 7T1(WB) N (Sl,m—b Sl,m] 7"é @

for every m € {1,...,k}.
Suppose that for some j < n increasing sequences (S1.,,)%_g, -+, (8;m)%_o with members
from Si,...,S; respectively are constructed.
Let us consider an arbitrary (¢1,...,t;) € m;(Wg) such that t1 € [s10,514],.--,t; € [Sj 0, Sjk)-
Let
WB,tL---,tj = {’T €L (t1> c. ,tj, 7') € 7Tj+1(WB)}.
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Since Wp is dense in S X -+ X S, we have Wpy, ;. is a net for Sjq. Let Ny, ;. be the
number such that for every s € Sj1; there exists 7 € Wgy, .4, for which |s — 7| < Ny, 4.
Denote by N the largest of the numbers Ny, ., where (t1,...,t;) € m;(Wg) and t; €

(51,0, S1,6)5 ---»t; € [Sj0,Sjk]. Let aji10 < -+ < @jt12, be numbers from S;y; such that
Qji1m — Qjp1m—1 > N for every m € {1,...,2k}. Set sji1.m = jy12m (m € {0,...,k}).
Then for every (ti,...,t;) € m;(Wg) with t; € [s10,S1k),--.,t; € [Sj0, 5,k We have that

(3) Whaity,t; N (Sjt1,m—15 Sj41,m] 7 0

for every m € {1,...,k}.
Taking into account (2) and (3), it is easy to check that the sequences (s1.,)"

m:(]’ ceey
(Sn.m)k _o constructed in such a way have the needed property. The lemma is proved. O

Suppose EF C R is a measurable set, 2 is a collection of disjoint closed one-dimensional
intervals, H = Ujeq I and 0 < a < 1. We will say that F a-saturates H (notation: F <+ H)
if |INE|/|I| =« for every I € Q. For the case o = 1/2 we will write simply E « H.

Note that:

a) If £ <* H then |H N E|/|H| = «;

b)If EC H, E<+*H and H <" T then E < T.

Let I and J be closed one-dimensional intervals with lengths 27 and 29 where p,q € Z and
p < q. Let us consider the partition of .J into non-overlapping closed subintervals Ji, ..., Jor—q
having the same length as I and such that minJ; < -+- < min Jyy—. By (I, J) denote the
union of the intervals J;, with odd indices. Obviously, (I,J) C J and (I, J) < J.

Let I be a closed one-dimensional interval with a length 2P where p € Z, Q) be a collection
of disjoint closed one-dimensional intervals having a length 2¢ with ¢ € Z and p < ¢, and
H = UjeqJ. By (I,H) we denote the union U;cq(Z,J). Obviously, (I,H) C H and

(I,H) < H.
It is easy to check the validity of the following statement.

Lemma 2. Suppose so < s1 < --- < s are some integers, Iy = [0,2%],..., I = [0,2°] and
Il;k = I, II:—I = <Ik—1711:>7 11:—2 = <Ik—27[l;k—1>7 R Ig = <IOink>

Then the sets Iy, I, ..., I} have the following properties:
1) clyc---CI;

2) It < If < --- < I} and, moreover, I}, _| < J for every m € {1,...,k} and every
dyadic interval J contained in I}, whose length belongs to (251, 2%"];
8) Ip <2 I* for every m € {1,...,k} and, moreover, Ii <" J for every

m € {1,...,k} and every dyadic interval J contained in I}, whose length belongs to (251, 2%m].

Remark 1. It is important to recognize that the interval J in 3) above may have not only
length 25" but also the “intermediate” lengths 25m-1+1 25m=1 a5 well.

Remark 2. The idea of using the sets I, I, ..., I} in Lemma 2 for the study of weak type
estimates for maximal operators associated to rare bases goes back to Stokolos [11].
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For every k > n, by Q, we denote the set of all n-tuples (mq,..., m,) € N* for which
my + -+ m, = k. Clearly, card(Q,, ) < k"~'. On the other hand, it is easy to see that
card(Q, 1) > c k"t

Lemma 3. For every k > n and increasing sequences of integers

(Sl,m)km:m SRR (Sn,m)kmzo

there exists a bounded set E C R™ of positive measure with the following property: if B is a
rare basis in R™ and Q is the set of all n-tuples (mq, ..., my) € Q,x for which there exists
an interval Ry X --- X R, € B with dyadic side lengths such that

|R1‘ c (251,m1—17 281,m1]’ o ‘Rn| c (28n,mn717 2sn,mn]’

then
{x e R": Mp(xg)(z) > 1/2]“}\ > ¢, card(Q) 2k|E|

Proof. For every j € {1,...,n} denote by Io,..., I;r and IS, ..., I7, the sets corresponding

to the sequence s;, ..., s; according to Lemma 2. We define the set £/ C R" by
E=1Iyx-x1I,.
We now show that
(4) {z eR": Mp(xp)(x) >1/2"} > U ILf,, x- %I

1,m1 n,my*
(m1,...,mpn)€N

Let us consider an arbitrary (mq,...,m,) € Q. Let Ry x---x R, be an interval from B such
that |Ry|,...,|R,| are dyadic numbers and |R;| € (257", 2%™] for every j € {1,...,n}.
Then for every j € {1,...,n} each component interval of I i m, Cal be decomposed into
pairwise non-overlapping subintervals A each of whose lengths is equal to |R;|. By Lemma 2
(see statement 3)) each A will be 1/2™i-saturated by the set I7,. Hence, we can decompose
the set I7,, X---x I —into pairwise non-overlapping intervals Ay x - - - x A, each of which
is a translate of R; x --- x R,, and

(A x X AINE] (A1 X x A) NIy x - x I

A x - x A, |A] X - X A
AN Tigl (ANl 1 L1
AL A m e o
Hence, {x € R" : Mg(xp)(z) > 1/2*} D I}, x---x I . Consequently, taking into
account that (my,...,m,) is arbitrary in Q, we conclude (4) holds.

For any j € {1,...,n} we denote H;o = I}, and Hj,, = I3, \ I;,,, form € {1,... k}.

By virtue of Lemma 2 it is easy to see that:
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i) The sets Hymy X -+ X Hy o (M, ..., my) € , ) are pairwise disjoint;

ii) For every j € {1,...,n} and m € {1,..., k} we have that |H},,| = |I},[/2. Consequently,
for every (mq,...,my,) € Qk,

1
|Hl,m1><"'><Hn,mn :2_n|1im1 X oo X ) |7

iii) For every (my,...,my) € Qyk,
L gy X e X Dy | = 25 o X L.
Hence,
U L, x--xIi.
(Mmi1,...,mn)EQ
2 U Hl,m1 X X Hn,mn
(ma,...,mn)EQ
= Z ‘Hl,ml NEEEE % Hn,mn|
(Mmi1,...,mn)EQ
1 * *
= card ((2)2—n|[1,0 X e x I
1
(5) = 2—ncard (Q)2%|E).
From (4) and (5) we conclude the lemma holds. O

For an interval R we denote by R4 the smallest interval concentric to R which contains R
and has dyadic side lengths.

Let B be a rare basis in R". To B we can associate its dyadic skeleton By = {Rq : R €
B}. Note that the maximal operators associated with the bases B and B, possess similar
properties. Namely, Mpf < 2"Mpg, f and on the other hand (see, e.g., [7], Lemma 2.12),

(6) H{zx € R": Mg, f(z) > a}| < C,|{x € R" : Mpf(x) > a/4"}|.
Theorem 1 follows from Lemmas 1 and 3 and estimate (6).

4. A GENERALIZATION OF THEOREM 1 AND APPLICATIONS

Let kK > n and Q C Q,;. We will say that a rare basis B in R" is Q-complete if
there exist increasing sequences of integers (si,,)f_o,..., (Sn.m)¥,_o such that for every
n-tuple (mg,...,m,) belonging to  there exists an interval Ry x --- x R, € B, with
|Ry| € (2801, 2%0m] R, | € (28mmast, 2%mma ],

From Lemma 3 and estimate (6) we obtain the following result.
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Theorem 2. Let B be a rare basis in R™. Suppose there exist an increasing sequence of
natural numbers k; > n and a sequence of sets by C ., with the properties: B is €);-
complete for every j € N and inf ey card(Qj)//’{;;L_1 > 0. Then Mg satisfies the sharp weak
type L(1+log* L)"~! estimate. Moreover, for every j € N there exists a bounded set E; C R"
with positive measure such that

{z € R" : Mp(xg,)(x) > 1/2%} > cgk} 2% |Ej],
where cg is a constant of the form ¢, inf jey card(Q;) /K7~

Theorem 2 is an extension of Theorem 1 since by Lemma 1 the density of the spectrum
W in the Cartesian product of infinite sets Sy, ..., S, C Z implies (2, ;-completeness of the
basis B for every k > n.

We now indicate eight applications of Theorems 1 and 2 to rare bases.

I. Let Si,...,S, C Z be infinite sets and B be the basis consisting of all n-dimensional in-
tervals with side lengths of the form 2°1, ... 2% where s, ..., s, belong to the sets Sy,..., 5,
respectively. Taking into account that the spectrum of B is the product S; x --- x S, and
applying Theorem 1 for B and Sj,..., S, we obtain the result proved in [11].

IT (Soria Bases). Let I' C Z be an infinite set and let B be the basis of all 3-dimensional
intervals Ry X Ry X Rz such that |Ry|,|Rs| € D and |R3| = 27/|Rs| for some v € I, where
here and in later applications we denote the set of dyadic numbers {2° : s € Z} by D. It is
easy to see that the spectrum Wp is the set

{(w1, we, w3) : wy,wy € Z,wz € I' —ws}

and Wp is dense in Z x Z x I'. Hence taking S; = S, = Z and S35 = I by Theorem 1 we
obtain the sharp weak type L(1+log™ L)? estimate for the maximal operator My associated
to the basis B which was proved in [3].

ITTI (Zygmund Bases). Let I' C Z be an infinite set and let B be the basis of all 3-
dimensional intervals R; X Ry X Rz such that |Ri|,|Ry| € D and |R3| = 27|Rs| for some
~v € I'. It is easy to see that the spectrum Wy is the set

{(wl,’LUQ,’LUg) fwp,wo € Zywg €T —|—w2}

and Wy is dense in Z x Z x I'. Hence taking S; = Sy = Z and S3 = I' by Theorem 1 we
obtain the sharp weak type L(1+log™ L)? estimate for the maximal operator My associated
to the basis B which was proved in [5].

IV (Cérdoba Bases). Let I' C Z be an infinite set and let B be the basis of all 3-
dimensional intervals R; X Ry X Rz such that |Ry|, |Rs| € D and |R3| = 27| Ry || Ry for some
v € I'. It is easy to see that the spectrum Wjy is the set

{(w1, wa, w3) : wy,wy € Z,wz € '+ wy + wa}.
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and Wg is dense in Z x Z x I'. Hence, taking S; = S; = Z and S3 = I' by Theorem 1 we
obtain the sharp weak type L(1+log" L)? estimate for the maximal operator My associated
to the basis B which was proved in [6].

V. Suppose T1, ..., T,_1 are infinite subsets of D, I" is an infinite subset of Z, 1 < p <n-—1,
and 1 < j; <--- < j, <n—1. Let B be the basis of all n-dimensional intervals Ry x---x R,
such that |R,| € T4, ..., |R,—1| € T,,—1 and |R,| = 27/(|R;,|...|R;,|) for some v € I,

Let S; = {logk: ke T;} (je{l,...,n—1}) and S, =T

It is easy to see that the spectrum Wj is the set

{(wla--'awn—lawn) Twy € Sla-'-awn—l € Sn—lawn el - (wjl + +w]p)}

and Wg is dense in S; X - -+ X S,.

Applying Theorem 1 for B and Sy, ..., S, we obtain the sharp weak type L(1+log™ L)"*
estimate for the maximal operator My associated to the basis B.

Under the same conditions we can obtain the sharp weak type L(1 + log® L)"~! estimate
for the maximal operator My associated to the basis B of all intervals R; x --- x R,, such
that |R,| € T1,...,|Ry—1| € T—1 and |R,| = 27|R;,|...|R;,| for some v € I,

Note that the bases considered in this application are multi-dimensional versions of ones
from applications II-IV.

VI. The conditions of Theorem 1 are satisfied by more general bases than ones considered
in the applications II-V. In particular, let §;, : D"~* — D (k € N) be functions satisfying the
following conditions:

1) ,12%9%(1’””1) =0 or supb(1,...,1) = oc;

keN
2) for every (ty,...,t, 1) € D" !
. Hk(tl,...,tn_l) Hk(tl,...,tn_l)
>0 and < 00.
ML) S A IO R
Suppose 11, ..., T,,_; are infinite subsets of ID. Let B be the basis of all n-dimensional intervals
Ry x--+xX R, such that |Ry| € T1,...,|Ru_1| € T,—1 and |R,,| = Ox(|R4|, ..., |R,_1|) for some

ke N.
Let S; ={logk: ke T;} (j € {1,...,n—1}) and S, = {logk(1,...,1) : k € N}.
It is easy to see that the spectrum Wj is the following set

{(wy, ..., wy_1,log O (2%, ..., 2 1)) twy € 51,...,w,_1 € Sp_1,k € N}

and Wg is dense in S1 X - -+ X S,.
Applying Theorem 1 for B and Sy, ..., S, we obtain the sharp weak type L(1+log™ L)"*
estimate for the maximal operator Mp associated to the basis B.

VII. Following [12] let us say that a rare basis B in R? satisfies the (is)-property if for every
k € N there exist intervals Ry, ..., Ry € B of the type [0,27] x [0,2%] (p,q € Z) such that:

1) For every 4,5 € {0,...,k} with ¢ # j the intervals R, and R; are incomparable, i.e.,
there does not exist translation placing one of them inside the other;
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2) For every i,j € {0, ..., k} the interval R; N R; belongs to B.

Let B; be a basis of two-dimensional intervals with the (is)-property and B, be a basis
consisting of one-dimensional intervals with lengths belonging to an infinite set of dyadic
numbers. By B; x By denote their product, i.e., the basis which consists of three-dimensional
intervals of the type J; x J, where J; € By and Jy € Bs.

Let & > 3. We can find intervals Ry, ..., Ry € B; of the type [0,27] x [0,29] (p,q € Z) with
the properties 1) and 2) from the definition of the (is)-property. We can assume that

Ry =[0,27°] x [0,2%],..., R; = [0,2P1] x [0,2%], ..., Ry = [0,2P*] x [0,2%],
where pg < -+ < pp and qo < --- < q. Let ty < --- < tp be integers such that
[0, 2t0], ey [O, th] S Bg. Set S10 = Pos---5S1,k = Pk, S20 = 4o, ---,52k = (k, and S30 =
to,...,S3x = tg. Then for every triple (my, ms, ms3) belonging to Vs it is easy to see that

[0’ 251,m1] X [O’Qsz,mQ] X [0’253,777,3] — (le N Rk—mg) % [0’ 2t7n3] c Bl X 82‘

Hence, By x By is €23 y-complete for every k > 3.

Applying Theorem 2 we obtain the sharp weak type L(1+log™ L)? estimate for the maximal
operator Mp associated to the basis B where B = By x By. For the case of By being the basis
of all intervals with dyadic lengths the estimate was obtained in [12].

VIII. In Section 4.2 of [2] a certain class A, of rare bases in R” is considered such that
every basis B from A,, has the following property (see Remark 9 in [2]): For every k € N
there exist intervals Ry, Ry, ..., R such that

RO = [0, 281’0] X [0, 282’0] X oo X [0728"'0]7
R, = [0’ 281,1] X [0’ 282,1] X e X [0’25,1,1]’

Rk = [0, 281’1“] X [0, 282vk] X oo X [0’ 28n,k]’
where (sy,,)F

Koy (Snm)¥ _, are increasing sequences of integers and for every n-tuple of
integers (my,...,my,) with & > my > my > -+ > m, > 0 the interval

R = [0, 251,m1] X [07282'7”2] X oo X [07 2sn7mn]

belongs to the basis B.

Suppose Bj is a basis from the class A,, and By is a basis consisting of one-dimensional
intervals with lengths belonging to an infinite set of dyadic numbers. Taking into account the
above given property of bases from the class A,, we have that the product basis By x By is €2-
complete for every k > n 4 1 where ), is the set of all (n + 1)-tuples (mq, ..., m,, m,1) €
Quyrp with £ > mqy > mg > -+ > m, > 1. On the other hand, it is easy to see that
card Q > c k" (k> n+1).

Applying Theorem 2 we obtain the sharp weak type L(1+log™ L) estimate for the maximal
operator Mp associated to the basis B where B = B; x Bs.
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