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INTERACTION OF WEAK SHOCK WAVES WITH
RECTANGULAR MESHES IN PLATE

O.A. Mixyniu, B.1. Illea6 ox. B3aemopisi ¢1a0KUX yIapHHX XBIWIb 3 HPSIMOKYTHHMH OTBOPaMH y IUIACTHHII. Y MammHOOymy-
BaHHI, OY/IBHUIITBI Ta iHIIMX Tally3siX BHPOOHWITBA 3HAYHA YAaCTHHA IPOIECIB BKIJIOYAE B ceOe HASBHICTh Pi3HOMAHITHMUX JAMHAMIYHHX
HABAHTAXCHb, OOYMOBICHNX TEXHOJIOTTYHUMH | MEXaHIYHIMH BIUIMBaMU. BpaxyBaHHS BIUIMBIB TAKMX HABAaHTAKEHb A€ MOXIIHBICTH TOY-
Hillle OLIHUTHU MIIHICTh €IEMEHTIB KOHCTPYKLIH uM aetanell MamuH. Mema: MeTolo poGOTH € po3podKa alropuTMy PO3paxyHKY AHHAMIY-
HOTO HAMpYyXXCHOTO CTaHy IUIACTHHOK 3 OTBOPAMH 3a [ii IMITyJbCHOrO HAaBaHTAKEHHs y BUIIAL c1abkol yaapHoi xswii. Mamepianu i
Memoou: J{ys po3B’si3aHHs 33/aui BUKOPHCTAHO iHTerpajbHe Ta JUCKpeTHe mepeTBopeHHst Pyp’e. 3actocyBanHs meperBopenns Pyp’e 3a
YacoM J1aJl0 MOKJIMBICTH 3BECTH JHHAMIUHY 3ajady IUIOCKOTO Ne)OpMyBaHHS O PO3B’SI3aHHS CKiHUCHHOI KIIBKOCTI 3aJa4 Ha ycTaleHi
KOJMBaHHs TpH (HIKCOBAHMX 3HAUCHHSX MMKITIYHHX 4acTOT. Y ob6nacti Dyp’e-300pakeHb I TOCIIHKEHHS AXHAMIYHOI KOHICHTpAIIT
HAaIpy>XeHb BUKOPUCTAHO METOJ TPaHUYHHX iHTErpalbHUX PIBHSHS 1 amapat Teopii QyHKIT koMIITeKkcHO1 3MiHHOI. Pezynsmamu: Ha ocHOBI
PO3pO06IEHOT METOMKHU JOCIIKEHO 3MiHY PO3MOiNY AUHAMIYHHX KiTbLIEBUX HAMPYKEHb 3 YaCOM HAa MEXi MPSIMOKYTHOTO oTBOpY. [100y-
JIOBaHO YacOBi 3pi3H MOJIB PO3MOIITY HaNpy KeHb 3a Jil IMITYJIbCHOTO JUHAMIYHOTO HaBaHTa)KEHHSI.

Knrouosi cnosa: niacTHHKa, HATIPY)KEHUIT CTaH, HECTAI[lOHAPHA 3a/1a4a.

O.A. Mikulich, V.1. Shvab’yuk. Interaction of weak shock waves with rectangular meshes in plate. In mechanical engineering,
building and other industries a significant part of the process includes the presence of various dynamic loads due to technological and
mechanical impacts. Consideration of such load effects allows more accurate assessment of the structural elements strength or machine parts.
Aim: The aim is to develop an algorithm for calculating of dynamic stress state of plates with meshes for pulse loading in the form of a weak
shock wave. Materials and Methods: An integral and discrete Fourier transform were used to solve the problem. An application of Fourier
transform by time allowed reducing the dynamic problem of flat deformation to the solution of a finite number of problems for the
established oscillations at fixed cyclic frequency values. In the area of Fourier-images the method of boundary integral equations and the
apparatus of a complex variable function theory are used to study the dynamic stress concentration. Results: Based on the developed
methodology the distribution change of the dynamic circle stress over time on the edge of a rectangular hole is studied. The time sections of
stress distribution fields under the influence of pulse dynamic load is constructed.

Keywords: plate, stressed state, nonstationary problem.

Introduction. In engineering, construction and other industries a significant part of the techno-
logical processes is associated with dynamic loads. Such activity can be single within the operating
cycle as a package pulses or vibration. Each of these loads types can be of shock nature.

Obviously, for the actions of such stresses, especially impulse, stress concentration significantly
differs from those occurring under conditions of quasi-static deformation. Research of dynamic
problems for bodies with meshes was based on Laplace transform. In [1] using the method in the area
of images of series the distribution of dynamic stresses in the plate with rectangular meshes from the
effects of the shock load applied to the border was investigated. In [2, 3] solving the problem is
reduced to the singular and regular integral equations.

In [4, 5] solving of dynamic problems in the case of antiplain deformation is performed by finite
differences method by time.

In [6, 7] to study the dynamic stress state of plates with stress concentrators at antiplain strain the
Fourier transform is used.

In [8] the technique of research of dynamic stressed state of plates with meshes at the steady -state
oscillations is developed. This technique is based on joint use of boundary integral equations method
and the apparatus of the complex variable theory. The numerical realization of the offered technique
was made on the basis of a method of mechanical quadratures and collocation. Such approach was
efficient when calculating of dynamic stress concentration in the plates weakened by meshes of the
irregular shape.
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AXo The aim is to develop an algorithm for calculating of dynamic stress

- state of plates with meshes for pulse loading in the form of a weak shock

fL, & - wave. This algorithm should be based on boundary integral equations method
X and apparatus of the complex variable theory.

Materials and methods. Let us consider an infinite isotropic elastic

plate, weakened by a hole of any form (fig. 1). We will designate by D the

Fig. 1. Scheme area which is occupied by a plate. Let L — its limiting contour. We will carry

of loading of aplate  an g|astic plate to the Cartesian system of coordinates Ox;x, which we will

place in its gravity center.
According to [3], the equation of the movement of an isotropic plate in movements is written as:

du,
atZ ! (1)
where u(x,t) ={u;(x,t)}, j =1, 2 — vector of arbitrary point movement x ={x;, X,};

C = Qf(k +u)/p, c,=+/u/ p — speed expansion and shear of waves respectively;

A, . — Lame constants;
b={b,} — vector of mass forces;

(Clz - sz)ui 7jj —C

U +b, =

29 jii

()., means for differentiation x;;

t — time.
Using Fourier transform [9] to an equation (1) for the time variable t

f(x, o) = j f(x, e dt, f(x t)= 2—1nj f(x, e do (2)

gets equation:

Ly —Cal +b, + 0’0, =0, (3)

(¢l -¢;)a
which is equivalent to the equation steady-state oscillations with cyclic frequency o [3]. The use of
Fourier integral transform gives the opportunity to conduct research in the field of images, thereby
isolate the effect of the time factor.

Research of dynamic stress state we will conduct in case when plane shock wave waves to the

mesh in the plate, that is similarly to [10] defined by the potential:

f(x/a—ct/a),t>0
ox t):{tpo (x/a-ct/a)

0 <0 v(x, ) =0, (4)

where ¢ — constant;
a — characteristic size.
Applying to the presentation (4) the integral Fourier transform (2), we get:

P(x,0) =g,af (walc )e ™ /¢, = (@)e™  y(x, w)=0, 5)
Whel’e ([:')0 (0)) = (I)OCE f(wc_aj , f(())) — I f (,C)e—imrd’E )

1 1
Boundary conditions of the problem in the field of Fourier-images we will write as [3]:

=1(X, o). (6)

For the case of the first main problem the potential image of general solution for displacements
we will choose as [10]:

6n|L =6(X, o), %Sn|L
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. (x, m)=jpj(x°,m)-u;(x, x°, o) ds, (7

where  p1, p» — unknown complex potential functions;
L — border of plate area.

Integration along the border is held by the variables x7, x7, and the x° ={x’, x’}. Expressions for
images of functions U are chosen accounting the Sommerfeld conditions [10] as [3]:

. 1
Uijzﬂ(\v'sij_x'rj'r,j)v (8)

where vy =K, (k, r)+k1 {K(k) 2Kl(klr)j x =K, (K,r)- sz K,(k,r);

2 1

io

k, =—, j =12 — wave number;
C.

j

K, (r), m=0,1, 2 — modified Bessel functions of the third kind (or Macdonald functions);

r= \/(X1 —x2)* +(x, —x2)* — distance.
Satisfying the boundary conditions (6), we determine the unknown function on border py, pa,
calculating the stresses in the plate by formulas [10]:

5. = O 10, +£ 2| Ou +0, tio, |+e 010, i, ||;
2 2 2 2
~ i( ,u(0,+0, . i Gy +O,, .
T, :E(ez' (—“ 5 2 —Iclzj—e & [—“ 5 2 +I612D,

where o — the angle between the normal line 7z the plate and the axis Ox;.
Substituting dependences (7) taking into account the expressions for functions of influence (8) in
formulas (9), we will obtain a representation like:

6n ZI fl(Z, @)qdﬁ,&j fz(Z, E_,)ng, ‘fsn :J.gl(Z' i)qd§+.[gz(z’ (tj)ng , (10)

(9)

where q=i-p-ds/d& — unknown complex functions;

E=X+iX), Z=X+IX,, p=Pp, +ip,;
f.,, 9,, 1=1 2 — known function containing Bessel functions of the third kind:

i dz (7-8)° 3
f,= 4W£( -B)F ( G e @GD

((z—&)F (—(Z—é)G+dZ (2= @ZGZJ];
7 ¢

- 4mur dz

1

1 (dz(z- E)ZG_dZ 6
Cdmprldz z-& 2 b

1 _ dz (z-
9,= 4nur[d—z( -€)G - Gj

F=y'—y' -2:G=y'-%, G =4_24
Von ==y =2 G == T
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The integrands f;, g,, i=1, 2 at small values of the argument are irregular. Let set their features,
using the asymptotic expressions for the Bessel functions of the third kind [12]:

2 1

K (r)=In2—In2—y+O(r’); Kl(r)=%+%£—In2+lnr+y—%)+0(r3); K,() =2 -2+0(r"),
r

where y — Euler's constant.
We obtain, that at » — 0 functions iy and y have features of type:

V=S Inr+ )+ 0(r); % =— = (L-1)+0(r?) ,KZ(&] .
2 2 c,

Besides, functions F, G,, G, have features of type:

F——X4100); G =-1 %0076, =- %1 0(r?) .
r 2r 2r

In the case of plane stressed state k = (1—v) /2, v— Poisson's ratio.
Considering the above mentioned features of integrand functions, the representation for definition
of the functions f,, g,, i=1, 2 can be written as:

flz_L[Lﬁ{(l_KE(z 5, & 1+KD + 172, 8

daul z-& 2 dz (z-§)? dzz—&

i [ x + dz 1+K z-§ LR E);

T4l z-€ 2\dzz-¢ g d 7 (7-§)* 2

1 _\dz 7- g 0z 1+x

9 =3 u(( K @ o dzz &] 9, (z &);
—_i EH_K_ _g R

% SnH(dZ 7 ¢ dz - g)2j+92 (z.8).

where the functions f*, g%, i=1, 2 are regular functions.

We apply the Sokhotski-Plemelj formula [10] at the boundary transition in dependences (10) with
consideration of the obtained representations. As a result of these changes we obtain the system of inte-
gral equations to find the unknowns at functions borderq, 7 :

Re%—lm[Al gt E( ng j(z é)qd&n jf(z a)qda+jf (2, 8)qdE=5

z-¢ dz (11)
dz d T =~
m-Re _(Az L AT a} [0 2 ade [ (2. 2)adE -
"2 dz{ L (2-8)
where A = 1+—V A= , A= 1:—\/ — the constants defined for a case of flat stressed state;
i

6,71 — known functlons that are based on representation (5);
f*, 9%, i=1 2 — known regular functions.
Obtained system of integral equations (11) we solve numerically, using method of mechanical

quadratures and collocation [12]. For integrals with Cauchy type feature we apply the clarified
quadrature formulas [12]. We obtain a system of linear algebraic equations of the form:
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+0, % N qg
u+§ f.(z., &m)qngn+§ f,(z,, &,)8,0 =Dy;
(12)

qs +Zgl(zs,é )9, +Zg (2., €,)3,0, = D,.;

h 21
Where gn:g((pn ’Zs:g((ps)’ (pnzhn’ (psz(Pn-’_E’h:W’

g(p) — parametric boundary setting L;

(Dls = 6((Ps)’(I)Zs = ;E((Ps) !
N —number of nodal points.
The calculation of circular stresses in plate held numerically based on dependencies obtained
from the formulas [10] by allocating irregular components and use of Sokhotski-Plemelj formula at the
boundary transition:

5,=vRe] lm{ﬁaf - jﬁ[/&jq“ a4 B+jyf(z,a)qd&+jyf(z,a)qdé; 13)

where y*(z, £), v, (z, &) — functions that do not have features.

Definition of originals of obtained on the basis of formulas (13) stresses was conducted using
inverse Fourier transform [9] according to dependences:

Ge(X, t)ZZ—J;CI&e(X, ('O)ei(md(,o, (14)

which at numerical calculation of circular stresses can be implemented based on the discrete Fourier
transform, which proved its effectiveness at researches of the dynamic stress condition at antiplane
strain [6].

Results. Based on the proposed algorithm will explore the dynamic stress concentration in plate
weakened by rectangular mesh with aspect ratio of 3.2. To describe the border of the plate mesh we use
the presentation as a series used in the conformal reflection of a circle of radius a to given region [13]:

eixp e3i¢ 3e5i¢ 3e7iq) 5e9i¢ 57e11i¢ j
+ +.o |

—ale4———— = _ +
9(e) ( 2 8 80 896 768 11264

limiting the number of 11 members.
Numerical calculations we will perform for case of modulation of pulse by time in the form of a
weak shock wave [6,7]:

f(t)=pst™e™, t>0,n >0,

where f (®) = p.(n.)(c. +io) ™.
In the calculations such values are taken, similar to [6, 7], p.=185n=2; o, =10; a=1.
Research carried out for the interval of dimensionless time parameter T €[0, 8a/c,] .

As calculated by the formula (14) values of circular stresses o images in general are complex,
then Fig. 1 shows the dependence of the changes over time of real and imaginary values of dynamic

circular stresses: o; =Re(o,), o, =Im(c,) , calculated at 4 point of a border. The calculation results
shown in Figure 1 were made at a value of Poisson's ratio v = 0.3 and N = 300 of nodal points on the

border of the plate.
Based on Fig. 1 it can be analyzed the distribution of weak shock waves in the plate, that come to

the mesh border with time. Increasing of the values of dynamic stresses components o; andc, , that
starts from 7'=0.22a/c,, corresponds to “coming” to “end” of mesh of disturbing impact (X, t).
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Further growth of stresses in the plate is associated with the spreading of reflected and rereflected
pulses from the edges of the mesh. Fig. 1 shows that the intensity of the shock wave rapidly decreases
at reflection from the borders of the mesh. The main influence on the dynamic plastic stress state has
the main wave and the first reflected wave from the right border.

max

O
c700 / o WY
1;71g§;j§'£\=:7—qui — R
0.2 ,
/ o
-0.4

0.6 / \G:
oo .

0" X
-0.8 V
-1 ]
1 2 3 4 5 6 7T T—
C, 270
Fig. 1. Distribution of dynamic stresses in the plate Fig. 2. Dynamic stresses
with a rectangular mesh distribution at the border

of a circular mesh over time

For a detailed study of unsteady process at the plate over time we build time sections of dynamic
stresses distribution along the border of the mesh. The calculation results are shown in Fig. 2 for the
time interval T €[0;1.2a/c,] with step AT =0.2a/c, (curve 1...7).

Fig. 2 shows that under the influence of a weak shock wave the maximum dynamic stresses on
the border of the mesh occur in the neighborhood of point A. Further distribution of stresses in the
plate essentially depends on defragged waves from its mesh. Numerical calculations showed that the
main shock of wave loading will reach the border of the mesh and reflect from it at 7= 0.2a/c;.
Having 7 = 1.6al/c, the shock wave will reflect from the left side of the border. During the spread of
reflected waves in a plate it is seen a significant increase of dynamic stress in angular points.

Having calculated the discrete time representation for movements that are similar to the formula
(14) we can analyze a complete picture of unsteady flow wave process at the border of the mesh plate.

Conclusions. The use of integral Fourier transform over time and inverse discrete Fourier trans-
form makes it possible to reduce the dynamic problem of plane deformation to solving the finite
number of problems on steady-state oscillations at fixed values of cyclic frequencies. The advantage of
the proposed approach is the setting for the incident wave for images area as (5), which makes it pos-
sible to calculate using the formula (14) the values of circular stresses for time moments 7, [0, 77,

and not just half of them, as it does the calculations based on the discrete Fourier transform [9]. Thus
the developed approach based on the method of boundary integral equations and the theory of func-
tions of complex variables in field of Fourier-images makes it possible to calculate the time depend-
ence of dynamic stresses in bodies with meshes for the actions of impulsive dynamic loads.
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