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ANALYSIS OF STRESS-STRAIN STATE  

OF THE SPHERICAL SHALLOW SHELL WITH INCLUSION 
О.Б. Козін, О.Б. Папковська. Аналіз напружено-деформованого стану сферичної пологої оболонки з включенням. Роз-

робка ефективних методів визначення напружено-деформованого стану конструкцій з тонкостінними включеннями, підкріплення-
ми та іншими концентраторами напружень є важливим завданням як з теоретичної, так і з практичної точки зору, зважаючи на їх 
велике практичне застосування. Мета: Метою роботи є аналіз напружено-деформованого стану сферичної пологої оболонки.  
Матеріали і методи: У роботі на основі узагальненої схеми інтегральних перетворень запропоновано конструктивний метод  
прямого чисельно-аналітичного розв’язання крайової задачі розрахунку напружено-деформованого стану сферичної пологої     
оболонки з включенням при вигині. Результати: Представлено результати чисельних розрахунків. Розрахунки дозволяють     
спрогнозувати величину деформації конструкцій у вигляді циліндричних оболонок з підкріпленнями і визначити її оптимальні 
параметри при проектуванні або у виробництві. Отримані результати можуть бути використані при визначенні характеристик міц-
ності структурних елементів, що складаються з композиційних матеріалів. Стаття містить порівняльний аналіз результатів і      
демонструє ефективність методу при вирішенні даного класу задач. 

Ключові слова: крайова задача, напружено-деформований стан, полога оболонка, жорстке включення, вигин, поліном Якобі. 

O.B. Kozin, O.B. Papkovskaya. Analysis of stress-strain state of the spherical shallow shell with inclusion. Development of effec-
tive methods of determining the stress-strain state thin-walled structures with inclusions, reinforcements and other stress concentrators is an 
important task, both from a theoretical and practical point of view, by reason of their great practical application. Aim: The aim of the      
research is to analyze the elastic-deformed state of a spherical shallow shell. Materials and Methods: In this work, based on the generalized 
scheme of integral transformations, a constructive method of direct numerical-analytical solutions of boundary value problem of calculating 
the stress-strain state of a spherical shallow shell with the inclusion in bending is proposed. Results: The results of numerical calculations are 
presented. Calculations allow predicting the value of deformation of the cylindrical shells structure with reinforcements and determining the 
optimum parameters for the design or manufacture. The obtained results can be used in determining the strength characteristics of structural 
elements that consist of composite materials. The article contains comparative analysis of the results and demonstrates the effectiveness of 
the method for solving this class of problems. 

Keywords: boundary value problem, stress-strain state, shallow shell, rigid inclusion, bending, Jacobi polynomial. 
 
Introduction. When creating calculation methods of the various constituent elements of the 

structures there is a need to study the interaction between the matrix and reinforcing fibers, studying 
the effect of geometry of the fibers, etc. The presence of the reinforcing fibers, the ribs and other    
irregularities significantly complicates the calculation, since these elements are stress concentrators. 
Therefore, the development of effective methods of determining the stress strain state structures with 
stress concentrators of this kind is an important problem from both a theoretical and practical point 
of view. 

Boundary element method is an efficient way to solve partial differential equations of boundary 
value problems. Numerical methods based on boundary integral equations are powerful tools in many 
areas of engineering and science including theory of orthotropic plates [1], anisotropic plates [2] with 
cracks and thin rigid inclusions. Application of the singular integrated equations to the solving of a 
number of technological tasks is considered in [3]. The mathematical model which allows controlling 
a condition of hereditary defects like exfoliation on border of the main material and a covering is also 
developed in [3]. 

The resulting numerical methods have usually highly accurate, but require deep analysis, refined 
algorithms, and high performance computing to make them competitive in applications. 

One of the methods for solving a lot of class of boundary value problems is the numerical-
analytical method of generalized integral transformations [4…10]. This method is one of the branches 
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of the boundary element method. It does not require high-power for high-performance computing. 
This method is based on reducing problem to the system of integral equations with respect to singular-
ity of these equations. 

Analysis of the thermal conductivity of plates with internal S-figurative heat sources was       
considered in [4, 5]. The method was further developed for solving the problems of bending ortho-
tropic plates with linear inhomogeneities, oriented arbitrarily. The exact solution of the problem of 
bending of an infinite shallow shell in the presence of a semi-infinite Winkler support by reduction to 
the Riemann problem was obtained in [8]. Problem of bending of a shallow shell with the inclusion 
was reduced to a system of integral equations [9]. 

In [10] was carried out further development and detailing of the method of solving the problems 
of bending cylindrical shallow shells with thin rigid linear inclusions. Namely, the numerical solution 
of the boundary value problem of bending a cylindrical shallow shell with inclusion parallel to the 
main meridian curvature has been obtained. 

The aim of the article is to analyze the elastic-deformed state of a spherical shallow shell, not 
considered in [10]. The practical significance is the proposed method and the numerical results which 
allow to predict the value of deformation of the cylindrical shells structure with reinforcements and to 
determine the optimum parameters for the design or manufacture. 

Materials and Methods. In research [9], the problem of bending simply supported shallow shell 
with rectangular profile (0 ≤ x ≤ a, 0 ≤ y ≤ b) and a thin rigid inclusion located on the segment y = b/2 ≡ l, 
c ≤ x ≤ d (0 < c < d < a) was reduced to a system of integral equations: 
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Here /n n a   , 6 ( ), ( )X t t   unknown functions. Other characters are constants which do not 
depend on n. * ( )x – known function, [ ; ].x с d  

The functions æ1n, æ2n, æ3n, æ4n have the following asymptotic estimates: 
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Using (2), we can rewrite the system (1) with a separated singular part: 
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where ),( txKij  (i = 1, 2; j = 1, 2) is infinitely differentiable functions; A1…A4  known constants. 
Assume, that inclusion located symmetrically with respect to the line x = a/2 and the external 

load is applied symmetrically with respect to this line. Reducing the integration interval and interval 
for x to the segment [–1,1], from (1) we obtain: 
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where (2 1)( ) / (2 )k k d c a     , ( ), ( )RX      unknown functions,  
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Other characters are constants which do not depend on n. Variable [ 1;1].z∈ −  
This system will be solved numerically, applying an approximate numerical-analytical ortho-

gonal polynomials method [6]. Based on the asymptotic estimates (4), the unknown functions of (3) 
are searching in the form of series: 
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 , ( )jPα β τ  ⎯ Jacobi polynomials;  
 ( )jU τ  ⎯ Chebyshev polynomials of the second kind;  
 ,j jψ χ  ⎯ the unknown constants.  

The choice of these polynomials according to the method of orthogonal polynomials, defined by 
the presence of relations 4.4, 4.5, 4.6 [6], called spectral. Using these relations, the corresponding   
integrals can be easily calculated: 
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Here sec 1 / cos ;b bτ = τ 2 1( )jJ b−  ⎯ Bessel function of the first kind; ( )j bΓ  ⎯ gamma function. 
As it follows from (5), the solutions ( )mp z are searching in the space of functions, which have 

nonintegrable singularities; therefore we will use the apparatus of the regularization of divergent     
integrals [6]. 

Substituting (5) into (3), multiplying the first equation of system (1) by ( )mp z , the second – by 
( )mR z , integrating both sides with respect to z from -1 to 1 and taking into account formulas В 4.4, 

В 4.5, В 4.6, obtained in [6], we obtain an infinite system of linear algebraic equations with respect to 
the unknowns jχ  and jψ  [10].  
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Equilibrium conditions for inclusion are 

 
1 1

( , ) 0; ( )
d d

c c
S x l dx d P< > = Ψ ξ ξ =∫ ∫ .  (7) 

where P ⎯ the main vector of forces applied to the inclusion in point (a/2, b/2),  ( , )S x l< >  — dif-
ferences of the tangential forces and ( )Ψ ξ  — differences of the generalized transverse forces when 
passing through the inclusion. The first condition in (7) is satisfied identically due to the symmetry of 
the problem, the second condition of (7), taking into account (5) gives: 
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As it can be seen from (6), the required coefficients jχ  and jψ are proportional to values 
2

0W Da− , i.e. jχ = 2
0 ,( 0, )j DW a j−ψ = α = ∞ . Thus, solving the system of (6), with its right-hand side 

equal to 2
0 , 0,m m−π δ = ∞ . Value of flexure 0W  we finding from the condition of equilibrium of the 

inclusion (7), using 2 1 1 1 2 1
0 02W a D P a D P− − − −= π α = α , where D is the bending stiffness of the spherical 

shell.  
System (6) has been calculated numerically by method of reduction. In the formula  

 3 2 1
0 10W Pa D− −= α ,  (9) 

the non-dimensional coefficient 1 2( , , , )R Rα =α λ ε  was calculated, where 21 1/ ( ),R a hR=
22 2 1/ ( ), / , ( ) /R a hR a b d c a= λ = ε = − , 1 2R R= , 1 1

02 − −α = π ψ . R1 ⎯ curvature of the shell in the 
direction x, R2 ⎯ curvature of the shell in the direction y, h ⎯ shell thickness, 0ψ  ⎯ zero coefficient 
of series for ( )RΨ τ , which is found from the solution of system (6) with the right-side of this system 

is equal to 2
0 , 0,m m−π δ = ∞ . Poisson’s coefficient ν was assumed to be equal 1/3. 

Results and Discussion. The boundary value problem is reduced to the infinite system of linear 
algebraic equations, which is solved numerically by method of reduction. Values of the non-
dimensional coefficient α are shown on the graph (Fig. 1). 
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Fig. 1. Values of the coefficient α: 1 2 0R R= = (1); 1 2 5R R= =  (2); 1 2 10R R= = (3) 

The results of this research were compared with the results of [10], where the deformation of 
shallow cylindrical shell with rigid inclusion located parallel to the main meridian curvature. 
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Comparison of curves 2 and 3 with the results of [10] shows, that the rigidity of shallow spherical 
shells with the inclusion, for equal values of the dimensionless principal curvatures and other para-
meters, significantly higher than the rigidity of corresponding cylindrical shells with inclusion. 

Namely, in the case of values of the non-dimension radius of curvature of the shell equal to 
2 5R =  and non-dimension length of inclusion equal to f = 0.7, bending of the inclusion of a cylindri-

cal shell is 1.2 times greater than the corresponding bending of the inclusion of spherical shell. If the 
parameter e = 0.1 ( 2 5R = ), then value of bending increases to 1.78. 

In the case of values of the non-dimension radius of the shell curvature equal to 2 10R =  and 
non-dimension length of inclusion equal to f = 0.7, bending of the inclusion of a cylindrical shell is 2 
times greater than the corresponding bending of the inclusion of spherical shell. If the parameter 
e = 0.1 ( 2 10R = ), then value of bending increases to 2.8. 

Sufficient precision of calculations 0.001 was obtained while maintaining eight equations in the 
system (6), which shows the high efficiency of this method for solving this problem. Earlier, in [6, 12], 
in particular, bending in the center of free – simply supported rectangular plate was studied. The bend-
ing in the center has been represented as formula 2 1

0W Pa D−= α . Coefficient of proportionality α  
was calculated. Obtained result: α ≈ 0.01160 [6, 12]. This value coincides with the value of the coeffi-
cient 310−α ⋅  in equation (9) shown in the graph (1). See the value of this graph at ε  = 0. 

Thus, we have obtained the numerical-analytical solution of this boundary value problem. The  
relations of the bending of inclusion depending on his length and depending on geometric characte-
ristics and mechanical properties of the spherical shell have been determined. Comparative analysis of 
the obtained results with previously published results has been performed. 
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