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)6<?ьB64 8<A4@V>4 86BH4;A<I E<EF9@ 5 AB6<= DB;8V? @9I4AV>< 79F9DB79AA<I 

E<EF9@ F4 F9C?BHV;<><, O><= EFDV@>B DB;6<64єFьEO G  BEF4AAV DB><. 
�BE?V8:9AAO G JV= 74?G;V CBFD95GNFь ;4?GK9AAO EGK4EA<I D9;G?ьF4FV6 
A9?VAV=ABW I6<?ьB6BW 8<A4@V><, DB;DB5>< AB6<I ECBEB5V6 6D4IG64AAO @V:H4;ABW 
6;4є@B8VW 8BE?V8:9AAO EGK4EA<I >BAJ9CJV= I6<?ьB6<I DGIV6 (C?<AV6), F4><I O> 
«>VA9@4F<KAV I6<?V», «8<A4@VKAV I6<?V» F4 «5474FB I6<?ьB6V» E<EF9@<. 
%>?48AVEFь HV;<KABW CBEF4AB6>< ;4;A4K9A<I ;484K CBFD95Gє 6V8CB6V8A<I 
489>64FA<I @4F9@4F<KA<I @B89?9= (  ) J<I CDBJ9EV6, 4 F4>B: 
>BAEFDG>F<6A<I @9FB8V6 K<E?B6BW D94?V;4JVW EF6BD9A<I   . �DV@ FB7B, 
4>FG4?ьAVEFь F4><I 8BE?V8:9Aь ;G@B6?9A4 F<@, MB 86BH4;AV CBFB>< G 
C9D964:AV= 5V?ьLBEFV 6<A<>4NFь G DB5BK<I D9:<@4I 6 F9IAB?B7VKA<I 
GEF4AB6>4I 9A9D79F<KABW, IV@VKABW, @9F4?GD7V=ABW F4 VAL<I 64:?<6<I 74?G;OI 
A4DB8AB7B 7BECB84DEF64. $B5BKV CDBJ9E< 6 A4HFB8B5G6AV= F4 A4HFBC9D9DB5AV= 
CDB@<E?B6BEFOI, 6 4C4D4F4I >DVB79AABW F9IAV>< EGCDB6B8:GNFьEO GF6BD9AAO@ 
BEB5?<6B7B F<CG 86BH4;A<I E<EF9@ 5 C4DBDV8<AA<I EG@VL9=. �V8B@B, MB 
5V?ьLVEFь 86BH4;A<I E<EF9@ I4D4>F9D<;GNFьEO 6?4EF<6VEFN ;A4KAB7B 
EF<E>4AAO (FB5FB L6<8>VEFь ;6G>G 6 F4>V= E<EF9@V @4?4), A9 ?VAV=AVEFN V FB@G 
8?O DB;D4IGA>G 8<A4@V>< F4><I E9D98B6<M, O>V DGI4NFьEO ; 6V8ABEAB 
A96<EB><@< L6<8>BEFO@<, A9B5IV8AB ;4EFBEG64AAO BEB5?<6<I 74;B8<A4@VKA<I 
@9FB8V6. &4>B: DGI 86BH4;A<I E<EF9@ EGCDB6B8:GєFьEO CDBJ9E4@< @V: 
H4;AB7B F9C?BB5@VAG , O>V ECD<K<AONFь E<?ьAG 8<E<C4JVN E9D98B6<M4, 4 
VA9DJV=AV 6?4EF<6BEFV 74;B6<I 6>?NK9Aь CBDB8:GNFь ;4?9:AVEFь L6<8>BEFV 
;6G>G 6V8 K4EFBF< 5 8<EC9DEVN L6<8>BEFV ;6G>G. &B@G @9FB8<, F4 CB6’O;4AV ; 
A<@<    FD48<JV=ABW C4DBDV8<AABW 8<A4@V>< A9 6V8CB6V84NFь EC9J<HVJV 
86BH4;A<I CBFB>V6 F4 84NFь A9;48B6V?ьAV D9;G?ьF4F< CD< DB;D4IGA>4I. ІAL<@< 
E?B64@<, JV    F4 @9FB8< WI K<E?B6BW D94?V;4JVW A9 є 489>64FA<@< E>?48A<@ 
HV;<KA<@ 8BE?V8:G64A<@ CDBJ9E4@. � K<AAV= DB5BFV CBEF46?9AB ;484KG 
CB5G8B6< >BAEFDG>F<6A<I    7D46VF4JV=A<I I6<?ь, O>V GF6BDNNFьEO A4 
7D4A<JV CB8V?G H4; 86BL4DB6BW DV8<AABW E<EF9@<. �4CDBCBAB64AV    O>VEAB 
6V8B5D4:4NFь EGFь HV;<>< 8<A4@VKA<I CDBJ9EV6 G 86BH4;AV= DV8<AAV= E<EF9@V V 
O6?ONFь EB5BN @B89?ьAV >4ABAVKAV DV6AOAAO, EHBD@G?ьB64AV 6 G@B64I 
CD<=AOF<I CD<CGM9Aь MB8B C9D95V7G 8BE?V8:G64A<I CDBJ9EV6. #DB6989AV 
K<E?B6V 8BE?V8:9AAO CB>4;4?<, MB >BD9>FA4 HBD@4?V;4JVO BEB5?<6BEF9= 
HV;<KA<I O6<M 6 D4@>4I ;4CDBCBAB64A<I @B89?9=, 8B;6B?Oє CD< CBEF4AB6JV 
D94?ьA<I CD<>?48A<I 9>EC9D<@9AFV6 ; 8BEF4FAьBW 8?O VA:9A9DABW CD4>F<>< 
DB;>D<F< CD<DB8G ;4>BAB@VDABEF9= 7V8DB74;B8<A4@VKA<I C?<AV6. 
�?юч>2і A?>20: 86BH4;A4 E<EF9@4; 7D46VF4JV=A4 I6<?O; 86BL4DB64 DV8<AA4 
E<EF9@4, @4F9@4F<KA4 @B89?ь; K<E?B6<= 9>EC9D<@9AF. 

 

�ABC?. !4 CD4>F<JV 8BE<Fь CBL<D9A<@ є 6<C48B>, >B?< DV8<AA4 E<EF9@4 O6?Oє 
EB5BN EG@VL DV8<A ; 6V8@VAA<@< HV;<>B-IV@VKA<@< 6?4EF<6BEFO@<, ;B>D9@4: ; 
DV;A<@< 7GEF<A4@<, ; DV;A<@< F9@C9D4FGD4@< ><CVAAO, ; A4O6AVEFN 9@G?ьEB64A<I 
8B@VLB>, ; A9EIB:BN 6’O;>BN (D9B?B7VKABN) CB698VA>BN FBMB. &<CB6<@< 
CD<>?484@< EG@VL9= F4><I DV8<A @B:GFь 5GF<: 
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– CD<DB8AV DV8>V 6G7?96B8AV, O>V E>?484NFьEO ; HD4>JV= ; DV;A<@< 
7GEF<A4@< F4 F9@C9D4FGD4@< ><CVAAO; 

– 6B8B-B?<6AV 9@G?ьEVW, O>V @B:GFь, CD< ;@VAV 8<A4@VKAB7B EF4AG 
(L6<8>BEFV C?<AG), DB;8V?OF<EO A4 DV8<A<, MB A9 ;@VLGNFьEO F4 @4NFь DV;AV 
7GEF<A<; 

– >B?BW8AV F4 CB?V@9DAV DB;K<A<, E>?48B6V O><I @4NFь DV;AG D9B?B7VKAG 
CB698VA>G, FB5FB 6<O6?ONFь I4D4>F9D «AьNFBAV6Eь>BW» (F4>BW, MB A9 EF<E>4єFьEO, 
K<, VA4>L9, F4>BW, 8?O O>BW 7GEF<A4 A9 ;4?9:<Fь 6V8 L6<8>BEFV C?<AG) 45B 
«A9ANFBAV6Eь>BW» (F4>BW, MB EF<E>4єFьEO, K<, VA4>L9, F4>BW, 8?O O>BW 7GEF<A4 
;4?9:<Fь 6V8 L6<8>BEFV C?<AG) DV8<A<. 

#D< JьB@G ;4;A4K<@B, MB B>D9@<@ O6<M9@ 8<A4@V>< C4DBDV8<AABW 
86BH4;ABW E<EF9@< E?V8 DB;7?O84F< A4O6AVEFь G WW DV8<AAV= E>?48B6V 86BI L4DV6 
DV8<A ; DV;A<@< HV;<>B-IV@VKA<@< 6?4EF<6BEFO@<. %C9J<HV>4 C?<AG F4><I 
C4DBDV8<AA<I 86BH4;A<I E<EF9@ CB?O74є [1, 2] G A4O6ABEFV 6V?ьABW 7D4A<JV, A4 O>V= 
@B:9 6V85G64F<EO DB;6<FB> A9EFV=>BEFV F4 I6<?9GF6BD9AAO, 4 F4>B: CDBJ9E< 
F9C?BB5@VAG F4 F9DFO ; C4DB6BN H4;BN. 
�еB0 @>1>Bи.  9F4 DB5BF< CB?O74є G DB;DB5JV >BAEFDG>F<6A<I @4F9@4F<KA<I 
@B89?9= (  ) 7D46VF4JV=A<I I6<?ь, MB GF6BDNNFьEO A4 7D4A<JV CB8V?G B>D9@<I 
H4; 86BL4DB6BW DV8<AABW E<EF9@< F4 8B6989AAO 489>64FABEFV 84A<I    L?OIB@ 
K<E?B6B7B 8BE?V8:9AAO. 
�A=>2=0 ч0ABи=0. $B;7?OA9@B DB;CB6EN8:9AAO 7D46VF4JV=A<I I6<?ь A4 7D4A<JV 
CB8V?G 86BI L4DV6 DV8<A DV;ABW 7GEF<A< ( 21 ü ), O>V A9 ;@VLGNFьEO, ;4 G@B6 8?O 
86BH4;ABW DV8<AABW E<EF9@<: B5@9:9AAO ;A<;G 7BD<;BAF4?ьA<@ 8AB@, 4 ; 69DIG 5 
A4O6ABEFV 6V?ьABW 7D4A<JV. 'O6V@B, MB I6<?V є 8>678<8 F4 @4NFь <4;C 4@C?VFG8G. 
�V8;A4K<@B, MB ;484K4, O>4 DB;7?O84єFьEO, A9 FV?ь>< @4є 64:?<6V F9IAVKAV ;4 
EFBEGA><, 4?9 V є A4=CDBEFVLBN @B89??N B>94AG, MB 6D4IB6Gє EFD4F<HV>4JVN. 
&B5FB @B:A4 7B6BD<F< CDB F9IAVKAG F4 ;474?ьAB CD<DB8AG 4:BC4;ь=VABь ;484KV, 
O>4 DB;7?O84єFьEO. �4;A4K<@B, MB F4>4 86BL4DB64 @B89?ь @VEF<Fь 86V @B8< 
>B?<64Aь 5 54@>:;8==C F4 54@>B@>?=C. �4DBFDBCA4 @B84 5 L6<8>4, O>4 
6V8CB6V84є >B?<64AAO@ E<EF9@< O> JV?B7B 45B E<AIDBAA<@ >B?<64AAO@ 86BI 
L4DV6; 54DB>?<AA4 @B84 5 CB6V?ьA4, F4 6V8CB6V84є >B?<64AAO@ L4DV6, ;EGAGF<I CB 
H4;V A4  . #96A<= 8BE6V8 V; DB;6’O;4AAO CB8V5A<I ;484K BC<E4AB 6 DB5BF4I [3, 4]. 

�4C<L9@B DV6AOAAO A9DB;D<6ABEFV F4 x ->B@CBA9AF< DV6AOAь DGIG 8?O 6EVєW 
E<EF9@< ;474?B@ V B>D9@B 8?O A<:AьB7B L4DG: 
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  (2) 

FGF   5 ;474?ьA4 7?<5<A4 86BI L4DV6 DV8<A<; 7P  5 F<E> A4 7D4A<JV 86BI DV8<A; 
u  5 E9D98AO L6<8>VEFь I6<?V 8?O 86BH4;ABW DV8<AABW E<EF9@<; P  5 E9D98Aє 
;A4K9AAO F<E>G 8?O 86BH4;ABW DV8<AABW E<EF9@<; VA89>EB@ 1 6V8@VK9AB 69?<K<A<, 
O>V 6V8ABEOFьEO 8B 69DIAьBW DV8<A<, 4 VA89>EB@ 2 5 8B A<:AьBW. �’O;>BEFV DV8<A A9 
6D4IB6GNFьEO. 

#VE?O 8<H9D9AJVN64AAO DV6AOAь (1) ;4 K4EB@, 4 DV6AOAь (2) 5 CB  
>BBD8<A4FV x , WI DV;A<JO ;4C<L9FьEO A4EFGCA<@ K<AB@: 
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!45?<:9AAO 8B67<I I6<?ь 8B;6B?Oє 664:4F<, MB CDBHV?ь 7BD<;BAF4?ьABW 
E>?48B6BW L6<8>BEFV DV8<A< є «;4CB6A9A<@», FB5FB A9 ;4?9:<Fь 6V8 >BBD8<A4F< y , 

4 CDBHV?ь 69DF<>4?ьABW E>?48B6BW 5 ?VAV=A<@: 

ttt

y
v




÷÷
ø

ö
÷÷
ø

ö










ý 22

1

2
1 ;  

t

y
v





ý 2

2

2 . 

#V8EF4AB6>4 J<I 6<D4;V6 6 y ->B@CBA9AF< DV6AOAь DGIG 69DIAьBW F4 

A<:AьBW DV8<A 0
1 1

1

1 ý









g
y

P

t

v
; 0

1 2

2

2 ý









g
y

P

t

v
 D4;B@ ; 

7D4A<KA<@< G@B64@< 01 ýP  CD< ýy  F4 721 PPP ýý  CD< 2ýy  84є 
@B:?<6VEFь 6<D4;<F< E9D98AV ;A4K9AAO F<E>G K9D9; 7?<5<A< L4DV6.  

%CBK4F>G DB;7?OA9@B «L6<8>G» @B8G.  4?VEFь 4@C?VFG8< ;5G8:9Aь 
8B;6B?Oє G >648D4F<KA<I K?9A4I DV6AOAь (3) CB>?4EF< ; FBKAVEFN 8B K?9AV6 
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&4><@ K<AB@, 8?O L6<8>BW @B8< E<EF9@G DV6AOAь 7V8DB8<A4@V>< 684?BEO 
;69EF< 8B 86BI DV6AOAь I6<?ьB6B7B F<CG, O>V 6D4IB6GNFь A9?VAV=AVEFь ;5G8:9Aь F4 
VA9DJVN L4DV6 DV8<A<. "8A4K9, 6 E<?G E>?48ABEFV DV6AOAь (4), 6V8A4=F< 
4A4?VF<KA<= DB;6’O;B> 84ABW E<EF9@< A9 є @B:?<6<@. � F4>V= ;484KV 6<O6?OєFьEO 
C?V8A<@ G;474?ьA9AAO «CDBEF<I» F4 «>64;VCDBEF<I» I6<?ь, 6<>?489A9 6 DB5BF4I [5 

5 7]. &D48<JV=AB CBAOFFO CDBEF<I» F4 «>64;VCDBEF<I» I6<?ь ;4EFBEB6GєFьEO 8B 
E<EF9@ DV6AOAь 74;B6BW 8<A4@V><, MB O6?ONFь EB5BN 8<H9D9AJV=AV DV6AOAAO 
C9DLB7B CBDO8>G. $V6AOAAO (4) @4NFь 5V?ьL 6<EB><= CBDO8B>. "8A4K9, 
8BFD<@GNK<Eь V89O@ $V@4A4 F4 �4DC@4A4 [8], ;DB5<@B 8B84F>B6V CD<CGM9AAO, O>V 
CB?O74NFь 6 FB@G, MB @V: ;5G8:9AAO@< 6V?ьABW F4 6AGFDVLAьBW 7D4A<Jь VEAGє 
A4EFGCA<= ;6’O;B>: 

ø ù ø ùý 112 ff .     (5) 

&GF ø ù1f  5 DB;6’O;B> E<EF9@< DV6AOAь (5.73) 59; A9?VAV=A<I F4 8<EC9DEV=A<I 
K?9AV6, FB5FB 
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Wave dynamics of two-phase systems is a new branch of the mechanics of heterogeneous systems and 

thermal physics, which has been developing rapidly in recent years. Research in this field requires the 

involvement of modern results of nonlinear wave dynamics, the development of new ways of taking into 

account interphase interaction, the study of modern concepts of wave movements (flows), such as 

«kinematic waves», «dynamic waves» and «multi-wave» systems. The complexity of the physical 

formulation of these problems requires appropriate and adequate mathematical models (MM) of these 

processes, as well as constructive methods of numerical implementation of the created MM. In addition, 

the relevance of such studies is due to the fact that two-phase flows in the vast majority occur in operating 

modes in technological installations of energy, chemical, metallurgical and other important sectors of the 

national economy. Work processes in the oil-mining and oil-refining industries, in cryogenic equipment 

are accompanied by the formation of a special type of two-phase systems - vapor-liquid mixtures. It is 

known that most two-phase systems are characterized by the property of significant compression (that is, 

the speed of sound in such a system is low), not by linearity, and therefore to calculate the dynamics of 

such media that move at relatively low speeds, it is necessary to use special gas-dynamic methods. Also, 

the movement of two-phase systems is accompanied by interphase heat exchange processes, which cause 
strong dissipation of the medium, and the inertial properties of gas inclusions give rise to the dependence 

of the speed of sound on the frequency - the dispersion of the sound speed. Therefore, the methods and 

associated MM of traditional vapor-liquid dynamics do not meet the specifics of two-phase flows and 

give unsatisfactory results in calculations. In other words, these MM and methods of their numerical 

implementation are not adequate to the complex physical processes under study. In the current work, the 

task of constructing constructive MM gravity waves, which are formed at the phase separation boundary 

of a two-layer liquid system, is set. The proposed MM qualitatively reflect the essence of the physics of 

dynamic processes in a two-phase liquid system and represent model canonical equations formulated 

under the conditions of accepted assumptions regarding the course of the studied processes. The 

conducted numerical studies showed that the correct formalization of the features of physical phenomena 

within the framework of the proposed models allows revealing the nature of the regularities of hydro-gas-

dynamic flows when setting up real applied experiments with sufficient engineering practice. 

Keywords: two-phase system; gravitational wave; two-layer liquid system, mathematical model; 

numerical experiment. 


