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YMOBH ICHYBAHHS BA3OBHUX PO3B’A3KIB
JIHIMHAX MHOXXWHHO3HAYHUX JUOEPEHIIIAJILHUX PIBHSAAHD

In this paper, we discusses various definitions and properties of the derivative of a set-valued mapping. Also, we consider a
linear set-valued differential equation and investigate the problem of existence of solutions of this equation with Hukuhara
derivative, PS-derivative and BG-derivative. The obtained results are illustrated with model examples.

Po3risiHyTO pi3HI 03HAUEHHS MOXiTHOT MHOXKMHHO3HAYHOTO BiJIOOpa)XeHHsI Ta TXHI BIACTUBOCTI. BUBYa€eThCA JiHIHE MHO-
JKUHHO3HauHe rdepeHIiaabae piBHIHHA Ta JOCTIHKY€EThCS iICHYBaHHS PO3B’s3KiB IHOTO PiBHIHHS 3 MOXiTHOI XyKyXapH,
PS-noxinxoto Ta BG-noxinHoro. OTpuMaHi pe3yibraT MpoiIFOCTPOBAaHO HA MOJCIBHHUX MPHUKIaaaX.

1. Beryn. ¥V 1969 p. F. S. de Blasi ta F. lervolino po3misHyTn MHOXUHHO3HAYHI AudepeHItiambHi
piBHSHHS 3 oXigHOO XyKyxapu [1]. V moganeiioMy MHOXKHHHO3HA4HI AudepeHLianbHi, IHTerpajibHi
Ta TUCKPETHI PiBHSIHHS 1 BKIIOUSHHS CTAIN BaXKJIMBOIO YACTUHOIO TEOPil MHO)KHHHO3HAYHOTO aHANi3y
1 BUBUAIHCH y O6aratbox pobotax (nuB. [2-—9] Ta HaBeneHy B HuX Oi0miorpadiro).

VY miit cTaTTi MU CIIOYATKy PO3MISHEMO NESAKiI O3HAYCHHS IMOXITHOI MHOXHHHO3HAYHOTO BigoOpa-
skerHs (moxigHoi Xykyxapu [10], PS-moxinnoi [12, 13] i BG-noxinnoi [14—18]) Ta meski ixHi Bia-
ctuBocTi. [ToTiM gocmiaumo miHifHI MHOKUHHO3HAYHI JudepeHITiaabHi piBHIHHS 3 IIUMHU TOX1THAMHA
Ta OTPUMAEMO YMOBH iCHYBaHHSI pO3B’SI3KiB IIMX PiBHSIHb.

2. OcHoBHi o03Ha4enHs i mo3Havennsi. Hexaii conv(R"™) — npocmip nenopooicrix onykaux kom-
nakmuux niomuoxcur pocropy R™ 3 merpukoro ["'aycmopda

h(A,B) =min{r >0: AC B+ B,(0), BC A+ B,(0)},

ne A, B € conv(R"™), By(c) ={x € R": ||z —¢|| < r} — xyna pagiyca r > 0 3 ueHTpom y ¢ € R™.
Kpim 3BHYaliHUX TEOPETHKO-MHOXHHHHX oOlepaiiii posrisiHemo y npoctopi conv(R™) me aBi
omepauii: cymy Minkoscokoeo muoncun A+ B = {a+b:a € A, b € B} i dobymox cranapa na
mnoneuny MA = {la:ac A, € R},
Li omeparii 3a10BOJBHAIOTH TaKi BIacTUBOCTI [S—7, 19]:
1) A+{0} = 4;
2) A+ B=B+ A;
3) 1A= A, 0A = {0};
4) N+ p)A =X A+ pA;
5) B(A+ B)=pBA+ (B;
6) h(A+ C,B+C) = h(A,B);
7) h(BA,BB) = |B|h(A, B);
8) h(BA,7A) < |8 —~|h(A,{0})
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nust Beix A, B,C € conv(R"), A, u € RL i 8,7 € R!, ne {0} — nynboBa MHOKMHA, WO MicTUTH
nume HynboBuii Bektop 0 = (0,...,0)T € R™.

Sk Bigomo [19], merpuanmit npoctip (conv(R™), h) € moBHuM MeTpuuHUM mpocTopoM. OpHak
npoctip conv(R™) He € JiHINHEM MPOCTOPOM IOIO HABEACHHUX OMEpAlliil, TOMY IO B 3arallbHOMY
BHII4IKy HC MO)XKHA BBECTH MOHATTS MPOTHIEXKHOTO eixementa misi A € conv(R™) [2, 5-7, 19].
Enement (—1)A, o4eBHaHO, TAKUM HE €, TOMY 110 B 3araipHoMy Bumaaky A + (—1)A # {0}, xoua
skmo A = {a}, a € R, 10 (—1)A = {—a} — npoTunexuuii enemeHt. BifcyTHICTh IPOTHICKHOTO
eneMenTa B poctopi conv(R™) npU3BOAUTE 0 HEOAHO3HAYHOTO BBEIACHHS MOHATTS PI3HUII MHOKHH
1 yMOB i icHyBaHHs. SIK HAaCJIiIOK 3aIPOIIOHOBAHO allbTEPHATUBHI 03HaueHHs pi3Hui [10, 19, 21, 23],
ajie Ko)kKHa 3 HAX Ma€ CBOI SK MO3WTHBHI, TaK 1 HEraTUBHI BJIACTUBOCTI.

VY naHiii ctarti Mu OyeMo BUKOPHCTOBYBATH pi3HUIIO XyKyxapu [10], sika € OKpeMHUM BUITaIKOM
pizHHIi MinkoBcbkoro [11].

Osunavenns 1 [19]. Hexai A, B € conv(R"™). Maxcumanvna muoocuna C € conv(R™) maxka,
wo B+ C C A, nasusacmocs pisnuyeio Minkoscvko2o muodxcun A i B ma nosnauaemocs A = B,
mobmo C ={c e R": c+ B C A}.

Hanpuxnan, sxmo A = {a € R?: |a;] < 3, i = 1,2} — kBajpar 3i CTOPOHOI0, Ka JOPiBHIOE 6,
B = {beR?:|b|| <1} — onurmunmii kpyr, 7o A= B =C = {c € R?: |¢;| < 2, i = 1,2} —
KBaJpaT 31 CTOPOHOIO0, sika JopiBHIOE 4. 3azHaunmo, mo B+ C C A, ane B + C # A.

Pi3uuit MiHKOBCHKOTO 3aJ0BOJIbHSIE TaKi BIaCTHBOCTI [19]:

1) A* A={0} nns scix A € conv(R");

2) sixmo A = B icuye, 0 (A= B) + B C A;

3) sixkmo A * B icHye, 0 (M) = B = (AB) = AM(4A = B);

4) sxmo A= (B+C) icaye, o A= (B+(C)=A*B>*(C=A*C*B.

3aysascenns 1. Slkio pisuuis MinkoBcbkoro A = B icHye i BUKOHYEThCs piBHICTh (A = B) +
+ B = A, TO roBOpsTh, 110 MHOKUHA B nosnicmio sumimae muoxcuny A [19].

3po3yMmiiio, 1o pi3HUIT MiHKOBCHKOTO HE 3aBXIU iCHY€. Alle AKIIO Ui MHOXHH A 1 B pi3HHISA
MinkoBcbkoro A = B icHye, TO BAKOHYETHCS Taka HEPIBHICTh I HiaMeTpiB MHOXUH A i B:

diam(A) > diam(B),

ne diam(A) = max|y|—1 (maxaea(a, ¥)+maxqeala, —1)), (a, 1) — ckanspHuii 100y TOK BEKTOPiB
a,p € R™

OueBHuIHO, 10 B JESIKUX BUMaAKax ajs pizauii MinkoBcskoro C = A £ B MOKe BUKOHYBATHCH
ymoea B + C' = A. Hanpuxnaz, sixmo A = {a € R?: ||la|| < 3}, B = {b e R?: |b]| < 1}, 10
A+ B=C={ceR?: |c| <2} ta, oueBumo, mo B + C = A.

Osuavenns 2 [10]. Hexai A, B € conv(R"). Muoowcuna C € conv(R™) maka, yo A = B+C,
nasueaemvcs piznuyeio Xykyxapu mnoxcun A i B ma nosnauaemvcs A L B.

3ayearcennn 2. Piznns XyKyxapu € OKpeMUM BHIIAJKOM pi3HHI MiHKOBCHKOTO, KO B 1OB-
HICTIO BUMiTae MHOXUHY A [5-7, 19].

HaBenemo mesiki BmacTUBOCTI pi3HUI Xykyxapu [2, 5—-7, 19]:

1) sxmio pisaung Xykyxapu A £ B neox muoxun A, B € conv(R™) icHye, To BOHA €/IHHa;

2) AL A= {0} nnsascix A € conv(R™);

3) (A+ B) L B = A nna scix A, B € conv(R");

4) sxmo pisnuis Xykyxapu A £ B neox muoxun A, B € conv(R™) icHye, To 3HaiiieThcs Take
o > 1, mo s Beix o € (0, o] Oyne icuyparu pizauns Xyxyxapu A L aB;
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5) sxmo pizauns Xykyxapu A 2L (B + C) icuye, To pisaumi Xykyxapu AL B ta A L C
Takox icaytoth i A L (B+C0)=A2L L oc=4AHcH p,

6) sximo pisauui Xykyxapu A 2L B ta A £L C icnyiors, To 3HaiineThes Take v > 0, 1m0 Pi3HALS
Xykyxapu A L o(B + C) icnye;

7) sxmo MHOXHHU A 1 B € UeHTpaJbHO-CUMETPUYHUMH (IICHTPaIbHO-CUMETPUYHICTE PO3Y-
mieThest y ceHci [34]) i pismuus Xykyxapu A L B icmye, To pismmui Xyxyxapu A L (—1)A,
BHE (-1)B, (-1)AZL B, AL (-1)Bi(-1)A & (—1)B icuyiors;

8) sikmo MHOKHHE A 1 B He € LeHTpanbHO-CHMETPUIHIMH 1 pisHuist Xykyxapu A XL B icnye,
1o pisunus Xykyxapu (—1)A L (—1)B icnye, a pismnui Xyxyxapu A L (—1)A4, B &£ (-1)B,
(-1)A L B, AL (—1)B ue icayrors.

3ayeasicennn 3. O4eBUAHO, IIO:

1) sxuio pisuuus Xykyxapu A - B ichye Ta o1Ha 3 MHOXMH HEHTPaNbHO-CHMETPUYHA, TO APyra
MHOXXHHA TaKOX € HEHTPATIbHO-CUMETPUIHOIO;

2) sikmo pisauus Xykyxapu A £ B icnye Ta 0fHa 3 MHOXHH He € IEHTPaIbHO-CUMETPUUHOIO,
TO Jpyra MHOXXHHA TaKOX HE € LEHTPAIbHO-CUMETPHYHOIO.

Binpmr neranbHO BIACTHUBOCTI Pi3HUILI XyKyXapH po3nisHyTo B [2, 5-7, 12, 19].

Osunavennst 3 [10]. Muoowcunnosnaune sioobpascenns X (-): [0,T] — conv(R"™) mae noxiony
Xyxyxapu (H-noxiony) ¢ mouyi t € (0,T), sxwo ons écix docmamuvo manux A > 0 icuyromo
6ionogioni H-pisnuyi i mnoscuna D X (t) € conv(R™) maka, wo

lim A™N(X(t+A) LX) = lim AN X)L X(t—A)) =DgX(t).
A—04 A—04
3aysasricennn 4. BractuBocTi moxigHoi XyKyxapy MOKJIaaHINIE po3nstHyTO B [S—7, 12, 19].
Teopema 1 [10]. Axwo sioobpasicenns X : [0, T] — conv(R™) e H-ougpepenyitiosnum na [0, T,

t
mo X (t) = X(0) + / Dy X (s)ds, de inmeepan posymicmucs y cenci [10].
0

Hacniook 1. Axwo eioobpadcennss X (-) ¢ H-ougpepenyitiognum na [0,T), mo ¢yuryis
diam (X (+)) € necnaonoro na [0,T.

3aysarncennsn 5. OGepHeHe TBepUKEHHS He € mpaBmwibHuM. Hampukiman, wexait X : [0,1] —
s conv(R2) Taxe, mo X (1) = A()Cy(0), ne A(t) = (Z?ﬁ((f)) CS:ES)
Cy(0) = {& € R?: |z;| <t, i = 1,2} — xBagpar 3i croponoto 2¢. Ouesnuno, mo diam(X (t)) =
= 24/2t. Onnak BinoOpaxenus X (-) ve € H-audepenuiiiounm ua [0, 1].

Hacniook 2. Axwo ¢ynxyis diam(X(+)) e cnaonoro na [0,T), mo gioobpaxcenns X (-) ne €
H-ougepenyitiognum na [0,T).

Jist momonaHHA WX HEAOMIKIB MOXiMHOT XyKyXapu OysIo BBEIEHO iHIINI THIH ITOXITHUX IS
MHOXMHHO3HAYHUX BimoOpasxens (Huygens-noxigna [20], m-moxinma [21, 22], T-moxinua [23]). Ixni
BJIACTHBOCTI BHBYAIHMCH y CTaTTIX [5, 7, 24—-27]. OgHak mudepeHIliaibHi PiBHSAHHSA 3 TOXITHHUMH

) — MarpuIs ob6epTaHHs,

TaKUX THITIB BUSBHUINCS ITy’KE CKIIATHUMU HaBIiTh Ha eTami (opmMymtoBanns [5—7, 23 -27].

[Mizuaimre A. B. IlmotnikoB i H. B. CkpUITHHK BUKOPUCTAIH TiIXOIH, SKi OyJIH 3aIpOIIOHOBaHI B
[23] mnst o3HaueHHs T'-mOXiqHOT, 1 BBETM HOBE O3HAYEHHS MOX1IHOI.

Osunavenns 4 [12, 13]. Hexau X :[0,7] — conv(R"™). Byoemo razamu, wo X(-) mae PS-
noxiony DpsX(t) € conv(R™) y mouyi t € (0,T), axwo ona écix docmamuvo mamux A > 0
8i0nogioni H-piznuyi icnyioms i UKOHYEMbCA WOHAUMEHWE 00HA 3 MAKUX PIGHOCMEN:

1) lima 0 AN (X (¢t + A) £ X (1)) = lima o AN (X (t) & X (t — A)) = D, X (t),
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2) lima o AN (X (1) L X(t + A)) =lima o AN (X (t — A) &L X(t)) = D, X (t),

3) lima0 AL (X(E + A) £ X () = limao A~ < (t — A) 2L X (1)) = Dyo X (1),

4) lima,0 A7HX(t) L X (t + A)) =lima 0 A™H(X(t) £ X (t — A)) = Dps X (2).

BiractuBocTi 1i€i moximuoi Oymo orpumano B [12, 13, 35 -37].

[Tizuime M. T. Malinowski [15, 16], H. Vui L. S. Dong [17], H. Vui N. V. Hoa [18], N. V. Hoa i
N. D. Phu [28], N. D. Phui N. N. Hung [29], S. E. Amrahov, A. Khastan, N. Gasilovi A. G. Fatullayev
[14] apantyBanu konnenuiro Bede — Gal-noxigHoi [30—32] ans BimoOpakeHb 3 iHTEpBAILHUMHU 3Ha-
YCHHSMH Ha MHOXHHHO3Ha4Hi BimoOpaxenuss X : [0,7] — conv(R™) i orpumanu ii BIacTHBOCTI
[14, 18].

Osuavenns 5 [14, 17]. Hexau X :[0,T] — conv(R"™). Byoemo xazamu, wo X(-) mae BG-
noxiony Dypg X (t) € conv(R"™) y mouyi t € (0,T), axwo ona ecix docmamnvo mamx A > 0
8i0n06ioni H-piznuyi ichyloms i 6UKOHYEMbCSL WOHAUIMEHUIE OOHA 3 MAKUX pIGHOCMel:

1) lima 0 A™H(X (E+ A) £ X (1)) = lima0 AN (X (1) &£ X (t — A)) = Dy X (1),

2) lima so(—A) (X (£) 2L X(t + A)) = limao(—A) " (X(t — A) L X (1)) = Dyy X (2),

3) limaso A (X (t 4+ A) £ X(1)) = limao(—A) " (X(t — A) 2 X (1)) = DyyX(2),

4) Timao(—A) 71X (1) £ X (t+ A)) = lima 0 A™HX () £ X (£ — A)) = Dy X ().

3aysarcennn 6. Y crartix [15, 16] po3nisiHyTO MHOXXWHHO3HAYHI BiIOOPa)KEHHS, 10 3aI0BOJIb-
HSIOTH YMOBY 4 O3Ha4€HHSA S5, 1 HA3BaHO ITI0 TIOXIIHY 1OXIOHOW0 XYKyXapu 0py2oeo muny.

Jani HaBeneMo Aeski BIACTUBOCTI IUX ITOXITHUX.

3aysancennn]. Slkmo MHOKMHHO3Ha4YHE BimoOpaxenus X (-) H-gudepenuiiioue nHa [0, 77, T0
BoHO BG-nudepenuiiiosue Ha [0, T'| i PS-nudepenuiiioue Ha [0, T, a takox Dy X (t) = Dps X (t) =
= Dy X ().

3ayeascennn 8. IcHyr0Th MHOXKWHHO3HA4HI BinoOpakeHHs, siki BG-audepenuiiioBHi i PS-aude-
peHtiioBHi, aine He H-mudepenttiiosHi.

Ipuknao 1. Muoxunnosnaune Binobpaxenns X (t) = By, (0) e PS-qmbepenuitiopnum na R!
ta BG-tudepenuiiiosnnm na R i D,s X (t) = Dy, X (t) = B1(0). Ajle MHOXMHHO3HAYHE BifjoOpa-
xenus1 X (-) € H-nudepenuiiioBanm mmmre Ha intepsaini (0,+00) i Dy X(t) = B;1(0). Ha inrep-
Bai (—o0,0) MHOXHHHO3HAYHE BimoOpaxenus X (-) He € H-mudepeHinoBHUM, OCKIIBKH (QyHKIIis
diam(X (-)) € cnagHO0 Ha [BOMY TPOMIXKY.

Teopema 2 [13]. Axwo muoowcunnosnaune sioobpadxcennn X : [0, 1] — conv(R™) e PS-ougepen-
yiiosnum na [0,T], mo ons ecix t € [0,T]:

1) saxwo @ynxyin diam(X (t)) e necnaonoro na [0,T], mo

X(t) = X(0) + / Dy X (5)ds:

2) sxwo @yuryin diam(X (t)) € cnaonoio na [0,T], mo

X(t) = X(0) &L /DpSX(s)ds.
0

Teopema 3 [14]. Axwo muoxcunnosnaune gioobpasxcenns X : [0,T] — conv(R"™) e BG-ougepen-
yiiosnum na [0,T], mo ona ecix t € [0,T]:
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Puc. 1. T'padik MHOKMHHO3HAYHOTO BimoOpaxenus X (t),
t€10,2].

1) saxwo @yuxyis diam(X (t)) e necnaonoro na [0,T], mo

X(t):X(O)+/Dng s)ds
0

2) axwo @yuryia diam(X (t)) € cnaonoro na [0,T], mo

t
X(t) = X(0) &£ (-1) /Dng s)ds
0

3aysarncennn 9. IcHy0TH MHOXMHHO3HA4HI BinoOpaxenns X (-) Taki, mo Dy X (t) # Dps X ()
JUIA BCIX t.

Ipuknao2. Hexait X : [0,2] — conv(R?) i X(t) = Bj1_y(g(t)), me g(t) = (t+ 1, +1)T.

OueBuzHO, mo Ha npoMikky [0, 1] dynkuis diam(X (¢)) = 2 — 2t € cnaJHOI0, a Ha TIPOMIXKKY
[1,2] dynkuis diam(X (t)) = 2t — 2 — 3pocrarouoro (puc. 1).

MuoxuHHO3HauHe BifobpaxenHs X () € BG-nmudepenmiiioBanm Ha npomixkky (0,2) i Dy, X (1) =
= Bi(a), ne a = (1,1)T. OueBnuno, mo MHOKMHHO3HA4HE BimoOpaxenHs Dy, X (t) € Heme-
pepBHuM Ha npomikky (0,2) (auB. puc. 2, a). Ane MHOXHHHO3HauHe BimoOpaxenHs X (-) e PS-
mudepentiiopraum Ha ipomikky (0,1) i Dps X (t) = By (b) # Dy X (t), ne b = (=1, —1)T, a raxox
Ha npomikky (1,2) i DpsX(t) = Bi(a) = DygX(t). TobTo PS-moxinna D, X (t) He icHye B Touwi
t =1 (puc. 2, 6).

Hpuxnao3. Hexait X : [0,2] — conv(R?) take, mo

{z e R?: 2% + 23 < t, zy > 0}, t€[0,1],
X(t) =
{xeRQ:x%+x%§2—t,x220}, te(1,2].

OueBnzHo, mo Ha npomikky [0, 1] dyrkuis diam(X (¢)) = 2t € 3pocTardoro, a Ha TIPOMIKKY
[1,2] dyuxuis diam(X (t)) =4 — 2t — cnagnoro (puc. 3).
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Puc. 3. I'padix MHOXHMHHO3HA4HOTO BimoOpaxenus X (t),

tel0,2].

MHuoxuHHO3HauHE Bifoopaxenns X (-) € PS-mudepenuifioBanm Ha mpomixkky (0,2) i Dps X (%)

={z € R?: 2} + 2% < 1, 29 > 0}. OueBuaHO, 10 MHOKXUHHO3HAYHE BinoOpakenHs Dps X (t) €
HerepepBHUM Ha nipoMixkky (0, 2) (puc. 4, a).

Asne MHOXHHHO3HauHe BimoOpaxeHHs X (-) e BG-mudepenuiiioBaum nHa (0,1) i
= Dp,X(t), a takox BG-mudepenuiiioBanm Ha mpomikky (1,2) i Dy X (1) =

To6to BG-moxinua Dy X (t) He icHye B Toumi t = 1 (puc. 4, 6).

3. Jliniiini MHO:kMHHO3HAYHI TudepennianbHi piBHAHHA. Po3misiHeMo NiHifHE MHOKHHHO3HAY-

He nudepeHITiabHe PiBHIHHS

ne a € R F € conv(R"), X: [0,T] — conv(R")

DX(t) =aX(t)+F, X(0)= X, (1)

— MHOXHHHO3Ha4He BimoOpaxenus; DX (t) €

ofiHi€r0 3 posrisHyTHX panime noxinuux (DX (), Dps X (1), Dpg X (t)).
3aysancenns 10. Y crarri [12] posrsiayTo cuctemy (1) st Bunanxy, ko F' = {0}.

OsuHavennst 6. Muooicunnosnaune sidoopasicenns X (-) nasusacmuvcs poss’szkom cucmemu (1)
Ha npomigneky [0, T, sxwo 6ono Henepepsro ougpepenyitiogne i 3a0osonvisie cucmemy (1) na [0, T].
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Puc. 4. Tpadiku MHOKXHHHO3HA4YHUX BigoOpaxens D, X (t) (a) 1 Dyg X (t) (6), t € [0,2].

Sk Bimomo, niHilHe AudepeHiadbHe PiBHAHHS 3 MOXITHOIO XyKyXapH
DpX(t)=aX(t)+ F, X(0)= X, 2)

Ma€ eIMHHUN PO3B’ 30K Ha MpoMiXkKy [0, T'], SKuii € TAKOXK PO3B’SI3KOM IHTETPAIbHOTO PiBHSAHHS [5, 6]
t

X(t):X0+a/X(s)ds+tF. 3)
0

3BiJCH BUIHO, IIO:

1) mouarkoBa MHOXHMHa X( 1 MHOXXMHa F' BH3HauaroTh TeOMETPHUYHY (OPMY TMOMEPEUHOrO IIe-
pepisy po3s’si3ky X (t) B koxxeH MomeHT 4acy ¢ € [0, 7], tooro X (t) = a(t)Xo + S(t)F, ne o, §:
[0,7] — RY — nesixi HenepepsHi (yHKuii;

2) ¢ynkuis diam(X (t)) € necnagnoro Ha [0, 7).
at 1

3ayeancenna 11 [5]. Sxmo a > 0, To X (t) = e Xy +

e — 1

a(t)=e"iB(t) = .

Ipuknao 4. Hexaﬁ% =2, a =1, Xo — tpuxyrnuk i3 Bepumunamu (—1,0)T, (0,1)T, (1,0)7,
F={feR?: |f1] 0,5, |fo| <1} — npamoxyTnux 3i croponamu, sixi nopisnrorots 1 i2, T'= 1.
Toni po3s’sizok X () Bianosimmoi cucremu (2) na npomixkky [0, 1] mae Burmsan X (t) = €' X +
+ (e — 1)F nna seix t € [0, 7). Orxe, npu ¢t = 0 muoxuna X (0) 36iraetbest 3 TpuKyTHEKOM X, a

F nns Beix ¢ € [0,T], To6to

B KoxkeH MoMeHT 4acy t € (0, 1] maoxkuna X (t) mopiBHIOE cymi TpUKyTHHKA X 1 IpAMOKyTHUKA F'
3 koedinientamu a(t) = e' i B(t) = e! — 1 i Mae BUDIAN, 300paxKeHuii HA pHC. 5.

3ayeascenna 12 [33]. Cucrema (2) moxe He OyTH €KBIBAJICHTHOIO CUCTEMI IHTEPBAIbHOZHAYHUX
nudepeHIIIAIbHAX PIBHAHB 3 MOXITHOI XyKyXapu

DHX1(t):CLX1(t)+F1, Xl(O) :X()l,

.......................................... 4)
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Puc. 5. Po3s’s30k X (t) nudepeHiansHOro piBHIHHA (2)
3 moxifHo XyKyxapu Ha npomixky [0, 1].

ne X;: [0,T] — conv(R!) — inTeppanpHO3HAYHE Bino6pakeHHs, Xo; — NPOEKIis MHOKHHE X( HA
Bice Ox;, F; — npoekuis Muoxkunu F Ha Bick Ox;, i = 1, n.

Skmo X () — poss’ssok cucremu (2) i X;(+), i = 1,n, — po3s’s3ku cucremu (4), To X (t) C
C Xi(t) x ... x Xp(t) mus Beix ¢ € [0, 7.

Axmo Xg = Xo1 X ... X Xop 1 F' = F; X ... x F,, To cuctema (2) ekBiBajicHTHa cucTeMi (4).

[IponemocTpyemo 11e Ha TaKOMY TPUKIIAII.

IHpuknaos. Hexaiin =2, a=1, F = {0}, Xo = B;(0). Toui cucremu (2) i (4) MaroTh BUIIIS

DpX(t)=X(t),  X(0)=By(0), telo,2] (5)

DpXi(t) = X1(t), X1(0) = Xo1 = [~1,1],

(6)
DiXs(t) = Xa(t), X2(0) = Xoo = [~1,1],

ne X : [0,2] — conv(R?) — MHoxuHHO3HAauHe Binob6paxkenus, X; : [0, 2] — conv(R!) — inTeppas-
HO3Ha4YHE BinoOpakeHHs, Xg; — MPOEKIliss MHOXHHU X Ha Bick Ox;, 7 = 1,2.
Muoxunao3Ha4He Bioopaxenus X (t) = Bt (0) € po3s’s3kom cuctemu (5). [HTepBaIbHO3HAYHI

BinoOpaxenns X;(t) = [—e',e'], i = 1,2, € po3s’s3kamu cucremu (6). Ouesuano, mo X (t) C
C X1(t) x Xo(t) mna Beix ¢ € [0, 2] (puc. 6).
Ane sxwo nouarkoa mMuoxnua X (0) = {z € R*:|z;| < 1, i = 1,2} e kBagparom, To

Xo = Xo1 X Xo2 1 X(t) = X1(¢t) x Xo(t) mmst Beix t € [0, 2], To6T0 po3s’si3ku cucrem (5) i (6)
OymyTh 30iratucs Mixk coooro (puc. 7).

Tenep posmisHeMo JiHiliHe audepenmianpae piBHIHHAA (1) 13 PS- 1 BG-noximgHoto. Sk Bigomo 3
[13, 14, 35—-37], ui nudepeHnmianbHi piBHIHHS MalOTh IPUHANMHI OMH po3B’s130K. binbi Toro, onuH
13 IIUX PO3B’SI3KIB (IiaMeTp AKOTro € (YHKIIEFO, IO HE CITaae) 30ira€ThCs 3 po3B’SI3KOM BIAMOBITHOTO
nrdepeHITiaIbHOTO PIBHSAHHS 3 MOXiAHOI XyKyxapu (2).

[IpoinrocTpyemo 1e Ha TakOMy TPUKIIAII.

Ilpuxnao 6. Hexait

DX(t) = X(t) + B1(0), X(0) = B1(0), telo,1], (7)
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Puc. 6. Po3s’s3ku cuctem (5) i (6) y Bumamky X (t) C
C X1(t) X _Xz(t)7 te [07 2]. Fpa(piK Xl(t) X X2(t)
300paXeHO HITPUXOM.

[

15 =i >

Puc. 7. Po3B’si3ku cucteMm (5) i (6) y Bunanky Xo = Xo1 X Xo2-

ne X:[0,1] — conv(R?) — mHOXuHHO3HauHe BimoGpaxenHs, DX (t) — onHa 3 MOXigHMX
(DX (1), DpsX (), Dug(1)).

MHuoxunHO3Ha4He BigoOpaxenHss X (t) = Bot_1(0) € po3B’s3koM audepeHIianbHOTO PiBHSH-
H4 (7) 13 moxigHoto XyKyxapu (puc. 8).

MHuoxunHO3Ha4HI BigobpaxenHs X1(t) = Bag.t_1(0) 1 Xo(t) = Bo.—¢_1(0) € po3s’si3kamu
mudepenniansroro piBHsHHS (7) i3 PS- 1 BG-moxigHoto (puc. 9, 10).

Y npoMy BHIIAAKY pO3B’SI3KU U epeHIiabHOTO piBHAHHS 3 PS-m0XigHO0 OYIyTh TAKOX PO3B’ 3~
KaMu audepeHiianpHoro piBHsHHA 3 BG-moxigHoro i HaBmakw. J{is mepmoro poss’sizky Xi(-)
¢ynkuist diam(X;(t)) € HecmamHoto Ha mpoMmikky [0, 1]. Jlmst mpyroro poss’sisky Xo(-) byHKIis
diam(X5(t)) € cnagnoro Ha mpomixky [0, In(2)]. Takok 3a3HauuMoO, o nepmii po3s’si3o0k X1 (+)
MOXHa TPOIOBXHUTH Ha TPOMiXOK [0, +00), a apyruil po3s’s30k Xo(-) iCHYe JHIIe Ha TPOMIKKY
[0,1n(2)]. OueBuano, mo nepmuil po3s’s30k Xi(-) € po3B’s3KOM AH(EPEHI[IaTBHOTO PIBHIHHS 3
noxigHow Xykyxapu, T06to X (t) = X;(t) mms Beix t € [0, 1].
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Puc. 8. Po3p’s30k X (t) mubepeHmiansHOro piBHIHHSI
(7) i3 moxiaHoto XyKyxapu Ha npoMmixky [0, 1].
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- /}j

| -xl

0,2 04 06 08 ¢t -5
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Puc. 9. Ilepruuii 6a3oBuit po3s’s3ok X1 (t) maudepen-
nianbHoro piBHAHHA (7) i3 PS- 1 BG-noxinHoio
Ha mpomixky [0, 1].
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Puc. 10. [pyruii 6a3oBuit po3s’s3ok X»(¢) mubepeni-
anpHoro piBHsHHA (7) 3 PS- 1 BG-noxinHoIO Ha
npomixky [0, In(2)].
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Puc. 11. Mimannit po3s’si3ox Y (t) mmdeperiiansHoro
piBusinHs (7) 13 PS- 1 BG-noxinHoI0 Ha MPOMIXKKY

[0, 1].
X2—
2;
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O;
—19
-2+
3 .
-32 0
002 04 g 2

0,8 t

Puc. 12. Mimanuii po3s’s30k Ys(t) mudepeniiansHoro
pieastans (7) i3 PS- 1 BG-10XiZHOO Ha POMiX-
ky [0,1].

Pose’sizku X(-) i Xo(-) HasuBaroThesi O6azo6umu po3e ’szkamu. Po3s’s30k X (-) Ha3UBAETHCS
nepwum 6a308um po3e s3kom, a po3B’s30k Xo(-) — opyeum 6a308um po3e s3Kom.
Takoxx 3a3HaYMMO, 1[0 MHO)KHHHO3HAYHI BiJOOpasKEHHS

Bowi_1(0),  t€[0;0,5], Boe—t_1(0), t€[0:0,5],
Yi(t) = Ya(t) =
Boui—t_1(0), te[0,5:1], Bowr-11(0), t€[0,5:1],

TaKoX OymayTh po3B’sizkamu nudepentiansHoro piBHsHHA (7) i3 PS- i BG-noxianow (puc. 11, 12).

OueBuHO, 10 TaKi PO3B’SI3KH JIETKO HOOYLyBaTH 3aBASIKH 0a30BUM PO3B’SI3KaM, 1 IJIs aHOI CHC-
TEMH TakKuX po3B’si3kiB Oyme Oesnmiu. Taki po3s’sisku Y (-) Ha3UBAIOTHCS MIUAHUMU PO36 A3KAMU, 1
¢ynkuis diam(Y'(+)) He € MOHOTOHHO CIaJHOK 200 MOHOTOHHO 3POCTAIYOI0 HA BCHOMY PO3IIISIHY-
TOMy iHTepBaJi (200 Ha IHTEpBaJi, Ha SIKOMY BOHH iCHYIOTB).

3a3HaYMMO TaKOX, 10 (opMa MOMEPEdHOro mepepisy po3B’3KiB BiAnoBigae (GopMi MOYATKOBOT
MHOXHMHH X 1 MHOKHHU F.

Takox 3ayBaXMMO, IIIO B MONEPEIHBOMY HPUKJIAAl PO3B’SI3KU [UIA JIIHIHHUX Tu(epeHIiaTbHIX
piBHsHB 13 PS- Ta BG-nioxigHo0 30iranucs Mix co000, TOMY 110 T0YaTKOBa MHOXKUHA X 1 MHOXKUHA
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Puc. 13. [lpyruit Ga3zoBuii po3s’szok X1°(t) mudepenuians-
Horo piBHAHHS (8) i3 PS-moXigHO Ha MPOMIKKY

[0, In(2)].
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Puc. 14. [Ipyruii 6a30Buii po3B’s30k X. 59 (t) madepeHuianpHOTO PiB-
wstaHs (9) i3 BG-noxinHoro Ha npomikky [0, In(2)].

F € uenrpansao-cumerpuanumu i Xo = (—1)Xp, F' = (—1)F. OpHak B iHIIKHX BHIIAIKaxX IPYTi
0a30Bi pO3B’SI3KM MOXKYTH OyTH Pi3HUMH, SKIIO IISI YMOBA HE BUKOHYETHCH.

Ilpuxknao7. Hexait

D, X(t) = X(t) + B1(1), X(0) = B41(0), te]o,1], (®)
Dng( ) X( )+Bl( ) X(O) = BI(O)’ te [0’ 1]7 )
ae Bi(1) ={be R%: (by — 1)+ (by — 1) < 1}.

OquI/mHo, wo Bi(1) # (—1)B1(1), i Tomy npyri 6a30Bi po3B’sI3KU KX PIBHSHB OYIyTh 3a0-
BOJILHSTH Pi3HI BIAMOBIIHI IHTErpabHI PiBHSIHHS

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 5



VYMOBH ICHYBAHHSI BA30BHX PO3B’S3KIB JIHIMHUX MHOXXHMHHO3HAUHHX . .. 663

: ((QW'iatm.}'ﬁfif'aif’t&i&f.!iiimtm" 'NW jﬂ\ﬂ
- wl JJJJ

I
0O 02 04 06 08 z—5

Puc. 15. Po3s’s30k X (t) mudepenuiansroro piBasaHs (10) i3 moxi-
nHOI0 XyKyxapu Ha npoMikky [0, 1].

t

XP(t) = By(0) & /X;’S(s)ds H 1B (1),
0

x%(t) = / X29(s) (—=1)tBy(1),

a oT)Ke, BOHU OymyTh pizHUME (puc. 13, 14). Takox audepenmiansHi piBHAHHEA (8) 1 (9) OymyTh MaTH
pi3HI MilIaHi po3B’sA3KH.
Bapto 3ayBaxkutu, 1o Apyruii 6a30BUil po3B’A30K IS TAKKX PIBHAHH MOXKE HE iCHYBATH.
Ilpuxnao 8. Hexai

DX(t)=X(t)+C1(0),  X(0)=By(0), telo,1], (10)

ne C1(0) = {veR¥: |y| <1, i=1 2} — xsaapar, X : [0,1] — conv(R?) — MHOXMHHO3HAYHE
B1;[06pa>x<eHH5{ DX (t) — sinnosinna noxinna (DX (t), Dps X (t), Dyg(t)).

MHuoxunHo3Ha4HEe BioOpaxeHHs X (t) = B.t(0) + C.t_1(0) € po3s’s3koMm audepeHniaabHOro
piBasHHES (10) 13 moxigHOO XykyXxapu (puc. 15).

e mudepentiansae piBHIHHES 3 BG- 1 PS-oximHOI0 Mae nuime meprwii 6a30BHil po3B’ 30K, SKAN
30ira€Thes 3 po3B’SI3KOM AU(PEPEHILIANEHOTO PIBHSHHS 3 TOXITHOK XYKYXapH.

Jpyrux 6a30BUX po3B’SA3KiB IS WX PIBHAHB HE Oy/e, OCKIIbKA MHOKHHHO3HAYHI BiTOOpaskeHH,
10 3aJ0BOJIBHSIOTH BiIIOBI/IHI iHTETpabHI PIBHIHHS

X%(t) = B1(0) &L (—1) / Dy XY (s)ds = B1(0 / ) 4 C1(0)]ds =
0 0
= B1(0) & (—1)tCy(0) L (—1)/X§9(s)ds, (11)
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Puc. 16. Mimani po3s’sizku Y1 (t) ()i Ya(t) (6) mudeperuiansroro pisrsaus (10) i3 PS- i BG-1moXiaHOO Ha MPOMKKY
[0,1].

t t
X)) = Bi(0) [ D, Xp(5)ds = Bi(0) £ [1X](s) + Cr(0))ds =
0 0

t
= B,(0) £ tCy(0) L / X2 (s)ds, (12)
0

He icHyI0Th, ToMy w0 pisHumi Xykyxapu Bi(0) £ ¢tC1(0) i By(0) £ (—1)tC1(0) mix xpyrom
B1(0) i xBagparom tC(0) He icHyOTh st Beix ¢ > 0.

Ane MimmaHi po3B’sSI3KA AT ITUX JUGEPEHIIATFHAX PIBHAHD OyAyTh icHyBaTH. Hampukiam, MHO-
KUHHO3Ha4HI BigoOpaxenHs Y7 (t) i Ya(t) (puc. 16) € mimanumu po3s’si3kamMu AnudepeHniaabHOro
piBasHHA (10) i3 PS- i BG-moximHo¥0.

OueBH/IHO, IO B IbOMY MPUKIIAJIl TAKUX PO3B’SI3KiB MOXKHA OOy IyBaT HeCKiHUeHHO Oarato. s
[MX MilaHux po3B’si3kiB Y (-) ¢dyskuis giamerpa diam(Y (-)) He 36iMbLIyeTHCS | HE 3MEHILYETHCS
B ychoMy iHTepBai. [Ipore giamerp Oyiib-KOTO MIlIAHOTO PO3B’si3Ky Y (+) MOBHHEH 30iIbIIyBaTHCS
Ha MOYaTKy iHTEepBaly.

Jam Mu OyzmeMo po3mIsaaTd JIdiie 6a3oBi po3B’I3KH.

BuHMKae MUTaHHA: B SIKUX BHIAJKaX TakKi Mu(epeHIlialibHI PIBHIHHA MAalOTh JBa 0a30BUX pO3-
B’SI3KU?

CrniouaTKy po3nisiHeMo BUNAnoK, konu a = 0. Toxi cucrema (1) Habupae BUrIALy

DX(t)=F, X(0)= X,. (13)

OueBHHO, 1110 MHOKHHHO3Ha4YHe BigoOpaxeHHs X (t) = X+ tF Gyne po3s’si3koM qudepeHiiaib-
Horo piBHAHHA (13) i3 moxigHOIO XyKyXapH, a TakoX MEpHIMM 0a30BHM pO3B’S3KOM An(epeHIliab-
Horo piBHsHHS (13) i3 PS- 1 BG-noxinHoro.

Takox oueBHAHO, 110 Apyruil Ga3oBuil po3s’si3ok Xo(:) mubpepeHmianpHoro pisasHHs (13) 3
PS-noxiHO, SKIIO BiH iCHYE, Ma€ BUIIIS
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t
Xo(t) = Xo & /Fds = Xy L ¢tF.
0

ToGto st icHyBanHs po3B’si3ky Xo(t) Ha neskomy npomikky [0, 7] HOBHHHA BUKOHYBATHCH YMOBA:
1ust Beix ¢ € [0, 7] mae icHyBaTu pisHHIS XyKyXapH

Xo L tF. (14)

AmanorivHo, Ipyruii 6a308uii po3B’si30k Xo(+) mudepenuiansaoro pisusiaus (13) i3 BG-noxigHoro,
SIKIIIO BiH ICHY€E, Ma€ BUIIIS

Xo(t) = Xo & (—1)/Fds = Xo L (-1)tF.
0

ToGto st icHyBanHs po3B’si3ky Xo(t) Ha neskomy npomikky [0, 7] HOBUHHA BUKOHYBATHCH YMOBA:
st Beix ¢ € [0, 7] mae icHyBaTu pisHHIS XyKyXapH

Xo &L (—1)tF. (15)

Bapro 3a3HaunTH, 110 3 BIaCTHBOCTEH Pi3HMLI XyKyXapH BHILTHBAIOTH TaKi YMOBH:

1) sixmo pisanms Xo 2L TF icuye, MuoxuHa F' € HEHTPaIbHO-CHMETPHYHO0 i F = (=1)F, To
pisanna Xo 2L (—1)TF icuye i Xo & (=1)tF = Xo 2L tF nna seix t € [0,T]. To6To B HBOMY
BHITAJIKy IpyTi 0a30Bi po3B’si3kK AudepeHmianbauX piBHAHb (13) i3 PS- 1 PG-moxigHoM0 iCHYIOTh Ha
npomixky [0, 7] i 36iratotscst Mixk co6010;

2) sxmo pizaung Xo 2= TF icuye, MHoxuHa F' € nenTpansHo-cuMerpuunoio i F # (—1)F, o
pisannsa Xo 2L (—1)TF icuye, ane Xo &L (—1)tF # Xy & tF nna scix t € (0, T]. To6T0 B uBOMY
BUMAIKY JIpyTi 0a30Bi po3B’s3ku audepenmianbaux piBHAHG (13) i3 PS- i PG-moxigHOoMIO icCHYIOTH Ha
npomikky [0, 7], ane He 36iraroTbest Mixk co60t0 (pi3Hi);

3) sikmo pisuuust Xo 2= TF icuye i MHOXHHA F HE € LEHTPAIBHO-CHMETPHYHOI0, TO Pi3HHUII
Xo & (=1)tF me icnye mns Beix ¢ € (0,T). To6To B FOMY BHTIAJKY APYTHii Ga30BHil PO3B’A30K
mudepenuiansroro piBHsHHEA (13) 13 PS-moxinHoto icHye, a apyruit 6a30Buil po3B’si30K AU(epeHLi-
anpHOTO piBHSAHHA (13) i3 PG-110XiMHOIO HE iCHYE;

4) sxmo pisanus X, - (=1)T'F icHye i mHOXHHA F' He € HEHTPAIBHO-CHMETPHIHOIO, TO Pi3-
mung Xo 2 tF ue icaye mns seix ¢ € (0, 7). To6To B HpOMY BUMAAKy APYTHil Ga30BHil PO3B’ 30K
nmudepentianbaoro piBHAHHEA (13) 13 PG-moxigHOMO icHYE, a qpyruid 0a30BHi po3B’ 30K AudepeHtli-
anpHOTO piBHSHHS (13) 13 PS-mI0XimHOIO HE iCHYE.

Tenep po3mistHeMO BUMAAOK, ko a # (. SIk Oyino 3a3HaueHO paHille, MHO)KHHHO3HAYHE BiJlIO-
OpaxenHs X (), ske 3aJ0BOJIbHSIE IHTEIPaIbHE PIBHIHHS

t
X(t) = Xo + a/X(s)ds +F,
0

30iraeTscs 3 po3B’s3koM AupepenHniaabHoro piBHAHHA (1) 13 mMOXigHOI XyKyXapH, a TakoX i3 mep-
My 0a30BUMH po3B’si3kamu audepennianbHux piBHgHb (1) 13 PS- i BG-noxinHoM0.
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. . b . .
Tako MHOKMHHO3Ha4HI BinoOpakenns X5°(+) i X5 (+) (AKmo BoHM iCHYIOTB), SIKi 3a10BOJIBHS-
10Th Ha JesikoMy mpoMikky [0, 7] BifmoBinHe iHTErpanbHe PiBHIHHSL

t
XP(t) = Xo AL a/X§S(s)ds+tF ,
0

t
X8 (t) = Xo 2 (~1) a/X;’g(s)ds+tF ,
0

36iraloThes 3 ApyruM 6a3oBuM po3s’s3koM X% (-) mudepenuiansroro pisusnns (1) i3 PS-noxignoo
Ta IpyTuM 0a30BHM pO3B’sI3KOM X. 39 (+) mudepenuiansroro piBusHH (1) i3 BG-noxigHoro.
OckinbKu

t t
XL a/X§S(s)ds+tF = XOHa/X;’S(s)dsHtF,
0 0

t t
Xo L (1) a/ng(s)dertF :XOH(—l)a/ng(s)dsH (—1)tF,
0 0

TO, OYEBUIHO, 1[0 MOMKIIUBICTh ICHYBAaHHS LIUX PO3B’S3KiB TaKOXK 3aJ€KUTh BiJl BUKOHaHHsA yMOB (14)
. .. . ~PS . <bg .

i (15), a Takox Bix icHYBaHHSI MHOXXHHHO3HAaYHUX BioOpaxenb X5 () 1 Xo (+), sIKi 3a/10BONBHSIOTH
Ha jiesikoMmy npomixkky [0, 7] BiamoBigHi iHTErpasbHi piBHIHHS

o Oyino po3mIIHyTO B podoTi [12].
Temnep posrsiHemMo mpukiIaam, koma a = 1 (a > 0).
Ilpuknao9. Po3risHeMO piBHSHHS

Dy X(t)=X(t)+ K, X(0)=K, telo,1], (16)
Dy X(t)=Xt)+ K, X(0)=K, telo,1], (17)

ae X : [0,1] = conv(R?) — mHo)unHHO3Ha4He BinoOpaxenns, K = {z € R?: zf+23 < 1, 25 > 0}
— BEPXHE ITBKOJIO.

Hudepennianpie piBasHas (16) i3 PS-moxigHoro mae nBa 6a3zoBux po3s’sizku Xi(-) 1 Xa(-)
(puc. 17, 18).

Takox 3ayBakMMO, IO APYrUid 0a30Buii po3B’s130k Xo(-) icHye auie Ha intepsaii [0, In(2)].
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Puc. 17. Iepunii 6asoBuii po3s’ssok X1 (t) nudepeHLianbHOro
piBEstHHS (16) i3 PS-noximHoro Ta mudepeHmiaapHOrO
pienstans (17) i3 BG-noxiaHoro Ha npomixky [0, 1].

X1

04 06

Puc. 18. [dpyruii 6a3oBuii po3s’si3ok Xo(t) andeperiiansHOro
pisnsinnst (16) i3 PS-moxiasoro Ha npomixky [0, In(2)].

Hudepenmianbie piBasHHA (17) 13 BG-moxifgHOr Mae nmiie onuH 0a30BHH PO3B’S30K, SIKHIMA
30iraeThCst 3 PO3B’SA3KOM IH(EPEHIIaTFHOTO PIBHAHHS 3 MOXiAHOIO XyKyXapd Ta HepIiuM 0a30BHM
po3B’si3koM X (+) mudepenimiansaoro piBHsAHHs 3 PS-moxinHoro (auB. puc. 17).

Ockinbku MHOKHHA K He € IeHTPaIbHO-CUMETPHYHOIO, TO pisHuIs Xykyxapu K (—1)tK me
icaye ans ¢ > 0. BignosiaHo, npyruit 6a30BHii po3B’A30K HE iICHY€, OCKUIBKM HE i1CHYE€ MHOXHHHO-
3HAYHOTO BiIOOPa)KEHHS, 110 33J0BOJIBHSE IHTETPaIbHE PIBHAHHS

t t
X(t)= K& (1) /Dng(s)ds =K (-1) /[X(s) + K]ds =
0 0

=K (-1) X(s)ds +tK | = K £ (~1)tK L (—1) | X(s)ds.
/ [
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i ‘ﬂummwufi@}j)}\\ |
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Puc. 19. lepumit 6azoBuit po3s’s3ok X (t) mubepeHmiaTbHAX
piBusiEb (18) 1 (19) i3 PS- i BG-noxinHom Ha MPOMIKKY

[0,1].

Hpuxnao 10. Hexait
D,sX(t) = X(t) + K, X(0)=K, telo,1], (18)
Dy, X (t) = X(t)+ K, X(0)=K, teclo,1], (19)

ge K = (—1)K = {z € R?: 2% + 23 < 1, 25 < 0} — HuKHe niBKOIIO.

i nudepenmianshi piBHAHHSA 3 PS- 1 BG-11oXiAHO0I0 MaroTh Jwie ognH 6a30BUi pO3B’ 30K, SIKHH
30ira€Thcs 3 po3B’s3KOM AU(EpEHLIATBHOTO PIBHAHHS 3 NOXiAHOIO XyKyxapu (puc. 19).

Jpyrux 6a30BHX po3B’s3KiB sl qudepeHmiaibHuX piBHSIHD (18) Ta (19) He icHYe, OCKUTBKH HE
iCHy€ MHO)XHHHO3HAYHHUX BiTOOpaXCHb, 110 BiAMOBINAIOTH IHTETPATHFHUM PIBHSIHHSIM

Xty =K4&L /Dst(s)ds =K / [X(s) + K ]ds =
0 0

K2 [ X(s)ds T tK =K 2 tK & [ X(s)ds, (20)
/ /
X(t) =K% (-1) | DyX(s)ds = K (-1) [ [X(s) + K |ds =
/ /
- K& (—1)/X(s)dsH (-1)tK = K £ (—1tK &£ (—1)/X(s)ds. 1)
0 0

V piBustani (20) He Oyne icuyparu pisumus Xykyxapu K XL tK nns Bcix ¢ > 0, a mis pis-
uauEs (21) He Gyne icHyBaTH po3B’s30K iHTerpanbHOTro piBHsmHs X (1) = K £ (—1) / X(s)ds,
0

ockinbku MHOXUHA K 1 X (t) He € HeHTpanibHO-cUMeTpUYHUMH [12].
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Puc. 20. Iepumii 6a30Buit po3s’s3ok X () audepeHIianbHIX
piBussb (22) 1 (23) 13 PS- i BG-moxinHoto Ha mpo-
mixky [0, 1].

Tenep posrsiHeMo npukia, ko a = —1 (a < 0).
Ilpuxnao 11. Hexait

DpX(t) = (-D)X(t)+ K X(0)=K, teo1],
Dy X(t) = (-D)X(t)+ K, X(0)=K, telo,1].

669

(22)
(23)

i nudepenmianshi piBHAHHS 3 PS- 1 BG-1oXiaHO0I0 MaroTh Juie oauH 6a30BUi pO3B’ 30K, KU

30iraeThCs 3 po3B’sI3KOM Au(epeHIiaabHOro PiBHSIHHS 3 OXinHOW Xykyxapu (puc. 20).

Hpyri 6a30Bi po3B’s3ku ans audepeHnianbHuX piBHAHD (22) i (23) He iCHYIOTh, OCKUTBKH HE

ICHYIOTh MHO)XKMHHO3HAYHI BiIOOpaKEHHS, 110 BiAMOBINAIOTH IHTETPATbHUM PiBHIHHSIM
t t
X@:KH/%J@%:KH/wﬂX@+MM:

s piBusHHS (24) He Oyae icHyBaTH po3B’SI30K IHTETPAJIbHOTO PiBHSIHHSA
t
X@:KH@M/X@M
0
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Puc. 21. Tepmmii 6a3oBuii po3s’s3ok X1 (t) mudepeHmianbHUX
piBHAHB (26) 1 (27) i3 PS- i BG-noXigHOIO Ha IPOMIXKKY
[0,1].

0,8+
0,6
0,4+
0,2+

0

—0,2-
0

Puc. 22. lpyruii GasoBuil po3e’szok Xo(t) mudepenuiansHOro
piensiHHEs (26) i3 BG-noxiguoro Ha npomixkky [0, In(2)].

a B piBHaHHI (25) He Oyne icHysarn pisamms Xykyxapu K - (—1)tK nns Beix ¢t > 0, ockimbku
MHOXHHE K 1 X (t) He € ueHTpasbHO-CUMETpHIHIMH [12].
Ilpuxnao 12. Hexait

Dy X (t) = (-1)X(t) + K, X(0)=K, tel0,1], (26)
DpsX(t) = (-1)X () + K, X(0)=K, tel0,1]. 27

Hudepeniianphe piBasHHs (26) i3 BG-noxinHoro mae aBa 6a30Bux po3s’sisku Xi(-) i Xa(-)
(puc. 21, 22).

Takox 3ayBaKMMO, IO APYTUid 6a3oBuii po3B’s130k Xo(-) icHye auie Ha intepsaii [0, In(2)].

Hudepenmiansae piBHIHHA (27) 13 PS-moxigHoro Mae juime meprimii 6a30BHHA pO3B’s30K, KUK
30iraeThCst 3 PO3B’SA3KOM JH(EPEHIIATFHOTO PIBHAHHS 3 MOXiIHOIO XYyKyXapy Ta HepIiuM 0a30BHM
po3B’s3koM X (+) mudepenuiansaoro piBHsaHHs 3 BG-noxinHoro (auB. puc. 21).
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Hpyruii 6a30Buil po3B’sI30K HE iICHY€, OCKUIBKH BiJJICYTHE MHOXHHHO3HAYHE BiJOOpaskeHHs, 10
3aJI0BOJILHSE BiITOBIAHE iHTETpaIbHE PIBHIHHS

t t

X(t)=K%& /D,,SX(s)ds =K / [(-1)X(s) + K| ds =

Ockinbkn MHOKHEM K i K He € IEHTPaIbHO-CHMETPHYHHMH, TO pisHumsa Xykyxapu K L tK
He icHye mis t > 0, a Takok He Oyme iCHyBaTH pO3B’sI30K iHTErpansHOro piBHsHHA X (1) =

t
- K& / (—1)X(s)ds [12].

Ha Hil[((]JTaBi BUKJIAZICHOTO BUILE MOKHA C(OPMYIIOBATH TaKe TBEPKEHHSI.

Teepmxennst 1. 1. SHxwo muoocunu Xg i F' e yenmpanvno-cumempuunumu, aXo = (—1)aX),
F = (=1)F i suauioemvcsi o« > 0 make, wo H-pisnuys X B oF icuye, mo ougpepenyianvue
pisnanus (1) iz PS-noxionoio ma ougpepenyianvue pienusnus (1) iz BG-noxionorw maioms 08a 6a308ux
PO38’s13KU | BOHU 6)YOYMb OOHAKOBUMU.

2. Axwo muoxcunu Xo i F' € yenmpanvro-cumempuunumu, a Xy # (—1)aXg i (a6o) F # (—1)F
ma suaiidemvcs o > 0 make, wo H-pisnuys Xo & oF icuye, mo ougepenyianone pisnsnns (1) iz
PS-noxionoro ma ougpepenyianvue pisuanns (1) iz BG-noxionorwo maioms 06a 6a306ux po3e’sa3Ku, aie
ixHi Opyei 6a308i p0o36’sA3Ku 6YOymob PizHUMU.

3. Axwo muoocunu Xg i F' ne € yenmpanono-cumempuunumu, a > 0 i snatioemvca o > 0 maxe,
wo H-pisnuys Xo - oF icnye, mo ougpepenyianvue pisnsinns (1) is PS-noxionoio mae 0sa 6a306ux
po38’a3Kku, a oughepenyianvre pieuanus (1) iz BG-noxionorw mae auwe nepuuti 6a308uil po36’s3ox.

4. Arxwo muoocunu Xog i F ne € yenmpanvuo-cumempuunumu, a < 0 i snatioemoca o > 0
maxe, wo H-pisnuya Xo - a(—1)F icnye, mo ougepenyianvre pisnanns (1) iz BG-noxionoiw mae
08a bazoeux po3e’sa3ku, a oupepenyianvre pisnannsa (1) i3 PS-noxionoio mae nuwe nepuiuii 6azo6utl
D038’ A30K.

5. Axwo ona ecix o > 0 H-pisnuyi Xo & aF ma Xy L a(—1)F He icuyroms, mo oughepen-
yianvue pisnanns (1) i3 BG-noxionoio i ougepenyianvue pisnanns (1) iz PS-noxionoro marome auue
nepuwii 6a306i po3e’a3xu, sKi 30iearomucs i3 po3s’sazkom ougepenyianvioco pisusanus (1) i3 noxionorw
Xykyxapu.

4. BUCHOBKH. Y CTaTTi IOKa3aHO, IO JiHIMHI MHO)XWHHO3HAuHI Tu(epeHIlialbHl pIBHIHHI Ma-
IOTh CYTTEBI BIIMIHHOCTI BiJl 3BUYaMHHMX Ta iHTEpBaIbHO3ZHAYHHUX JIIHIHHUX AU(EPEHIIaJbHUX PiB-
HHB. TOOTO KUTBKICTh PO3B’SI3KIB A WX PIBHSAHD MOXKE 3aJI€XKaTH Bil pO3DIALYBaHOI MOXiTHOI,
TeOMETPUYHOI JOPMU ITOYATKOBOT MHOXHUHHU X, TEOMETPUYHOI (hopMH MHOKUHHU F' Ta KoedilieHTa
y TIpaBiif YacTHHI TU(EPEHIiaTbHOTO PiBHSHHSL.

Takox 3ayBaknumo, 1m0 B cTartsax [13, 35-37] Oyno po3amistHyTO iHIIWE THI TudepeHIiaTbHIX
piBHSHB 3 PS-moXigHOMO, s SIKUX MOXE iCHYBaTH He OiNbIe HiXK OMH PO3B’S30K, 1 el po3B’sI30K
Oyme 30iratucs 3 ogHHM i3 po3B’s3KiB cuctemu (1) i3 PS-moxigHOoR0.
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