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The formulation of the problem is set by the parametric identification for oil-water
reservoirs in the case when one of the fluids being filtered is anomalous. Therewith, the
identification problem is defined as an optimal control problem reduced to finding the
extremum of the quality criterion (functional). The conditions of the existence and
uniqueness of the solution to identify the mathematical model adjustment are obtained
alongside with the differentiability of the quality criterion, and therefore the corresponding
theorems are proved.
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In the practice of the geophysical research and oil production the spatial soil medium
denotes the layer, which in addition to the geological components of different types of rocks,
the horizons of groundwater and fluid minerals, in particular, also includes a number of
technological components, such as production and injection wells etc. The reservoir porosity
and permeability of its material should be considered as the most important geological
characteristics. These characteristics determine, respectively, the relative share of the amount
of space occupied by the rock itself, and the penetrating ability of the medium for the
intrastratal fluid - phase to be infiltrated (filtrated) through it. It should be noted that the
filtering intrastratal fluids in terms of the hydrodynamic theory can be regarded as viscous
(ideal), obeying a linear Darcy law of motion, or as viscoplastic (abnormal) whose motion can
not be described within the bounds of the mentioned law. [1] Viscoplasticity should be
understood in terms of compressibility, which is specified by the oil complex fractional
composition in particular. The most common technological mode of oil production is
artificially created pressure by pumping water into the injection wells. This filtering is called
viscoplastic rtheology of viscoplastic (oil) and viscous (water) fluids [1]. The mathematical
model (MM) of a physical process in the case of the collaborative filtering of viscoplastic and
viscous fluids in the reservoir system can be represented as follows [2,3] (here and hereafter

the index or parameters of summation will be denoted by L JiJas+ will be for the
corresponding variables):
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where
P = P(t,z) — the distributed function of intratrastal pressure;

S, = 8,(t,z) — the distributed function of water saturation;
v=v(t,z) — the distributed test function (with respect to the function of water

saturation);
Po(z),Szo (z) — the initial values of the functions, of the intrastratal pressure and of water

saturation respectively;
S, —the maximum value of water saturation;

k, =k(z), k, = k,(z) — the reservoir permeability of the material for the corresponding
phase (index 1 — oil, index 2 — water);

m =m(z) — the porosity of the reservoir material;

h — the bulk of reservoir rock;

Q]/ (t),sz (t) — the consumption function of the corresponding phases (debits);

g (t) — the function determining the nature of fluid withdrawal from the j -th hole;

K,,K, —anumber of production and injection wells, respectively;

Q) — the spatial region where a physical process is developing;

t —temporal value;

z — spatial value;

K — the functional space of the function definition for water saturation respectively;
n —the number of spatial variables;

n —normal to the boundary G of the spatial domain Q.

Solving the direct problem of the research , i.e. tasks of modeling, filtration processes
described by the system of the form (1) — (5) suggests that the values of coefficients of the
differential operators for the corresponding expressions, defined by the physical parameters of
the medium are known — in this case by the porosity m(z) and permeability of the reservoir

k,(z), (/=1,2). However, in practice, quite often the values of these parameters are not

known and, therefore, the functions describing them are not specified a priori, and , or in other
words, the coefficients the differential operators for the corresponding MM are not defined.
The given circumstance conditions the necessity to formulate and solve the identification
problems of the parameters in the physical environment (inverse problems) — the porosity and
permeability of the preceding the solution for managing the process being investigated, and, if
the coefficients of the original MM are not completely defined, then the modeling problems as
well. Therewith, the porosity and permeability are the parameter settings for the MM of the
physical process studied.

The problems of identification of the parameters for the reservoir system have been, for
example, earlier solved for oil and oil-gas reservoir [4]. However, their decision was made on
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the assumption of ideal filtering liquids. In case of abnormal fluid filtration, a number of
important aspects qualitatively change the problem of identification:

* interacting with a porous medium, with specific physical and chemical parameters
the filtering fluid can acquire anomalous character that requires the use of adequate MM for
solving practical problems;

= the result of solving the problem for water-oil reservoir simulation can be considered
when the intrastratal pressure achieves the limiting gradient that leads to the subsequent
formulation and solution of problem of determining the therein dead zones, as well as the
problem of identification of the physical parameters in the reservoir;

= in case of the multiphase filtration the filterable mixture of anomalous and ideal
fluids only partially obeys Darcy's law: for example, when displacing viscoplastic fluid with
viscous fluid, the general problem of identification is divided into individual tasks of
determining the zones of the parameter fields in preferential rheology of anomalous and
viscous fluids that, in general, can have a different setting;

= MM of water drive in oil field development has a clearly pronounced non-linear
character, which, in its turn, results in setting a non-trivial problem of identification and finds
the required parameter fields in the class of nonlinear functions when being solved.

In what follows, the problem of identification of the filtration processes in porous media
will refer to the determination of the fields of the porosity parameters m(z) and permeability

of the medium %(z), (/=1,2) based on the results of measuring the intrastratal pressure
P(t,z) and flow rates o (¢) in the system of wells which cover the reservoir.

The formalized statement of problem of identifying the anomalous fluids of the
filtration processes in porous media as an optimization problem is offered. Let m/(z) and

k, (z), (/ =1,2) are the exact values of porosity parameters and permeability of the medium,
respectively. For the j-th well in the time interval ¢e(0y,), the measured intrastratal
pressure P(t,z) of the filterable fluid is indicated through

FP(6)= [P(.2)dz+&](2),
i (6)
j=1...(K +K,)

and water saturation S,(z,z) in the reservoir through

FE ()= [S, (t.2)d= +&5(0),
(7)
j=1...{K +K,)

where

P'(t,z), S,(t,z) are the values of the intrastratal pressure and water saturation,
determined in accordance with a mathematical model for the exact type (1) — (5) of the
parameter values m'(z) and k,(z), (1=12);

&7 (t) and &} (t) — are respectively, the measurement error of the intrastratal pressure

and water saturation in the j-th well. [4]
The functionals are introduced into consideration
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J,[m(z),k,(z)]K1+K2{J.[P’(tz mk,) ]%mj[ tz,.m.k,) Ff(t)Tdr} @®)

K, +K,

Lm(z2)k, (2)] = > j [P(t.2,,mk, )~ FP(0)f de + [| 5 j [ t,2,,m,k,) "S(t)}zdt} ©)

Jj=1

where 7, is the period of time when the measurement F,” (t) and F i (¢), is done.

Since the exact values of the pressure P’(t,zj,m,k,) and P’(t, zj,m,kz), as well as the

water saturation S, (t,zj,m,k]) and S, (t,zj,m,kz) included in the expressions (8), (9), are
physically the same value i.e. mathematically J, =J,), then only one of the functionals,

e.g.J,, will be taken into account in the subsequent arguments.

One possible approach to the solution of formulated problem of identification is
representing it in the form of an optimal control problem. Quality criterion for this can be a
functional (8), and the problem itself in terms of the optimization will be as follows: to

determine 7i(z), k,(z)for which
Tk )< J\(mk), (m(z)k(z))e A, (10)

where A, is the admissible domain to determine the parameter fields 7i(z), 121 (z).

The aim to qualitatively analyze the problem of identification for water-oil reservoirs by
the parameters of the MM settings in the work conducted is studying the existence and
uniqueness of problem solving (10), as well as establishing the fact of differentiability of the
functional J,[m(z)k,(z)] in (8) by the of porosity and permeability parameters. In this regard,
the following theorems are formulated and proved.

Theorem 1. For a set of functions defined by (6), (7) and the admissible domain of the
parameters VA", A", € A, the problem (10) has, at least, one solution, and this solution is the
only one.

Proof. Given the physical meaning of the operators and domain of admissible values of
variables included in the system (1) — (5), their affiliation the corresponding class of spaces
1s written as

P(t,z)e *(Q)=H(Q); S,(t,z)e }(Q)=H(Q);

136,600, 0)= A2 £E)s 135,610, ()= f(02)e (0
hm h'5
([0 20 e aemiarern [$[n 20l atsaner)

n 2 "
Z(k, iz—f] =4, (P,1,z)e }(Q),

i=1 i

where I*(Q) is space of square-integrable functions.
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Let a given functional space is W’ =H'(Q), W°=H'(Q), H(Q)=L*(Q), where
H'(Q) is Sobolev space of order 1, defined as follows

H'(Q)= {a)|a) el (Q);?Z—“’ el’(Q), i= 1,2} :

i

It is assumed that there are sets of elements in spaces W and W°, which are generated
by a basis for which the following relations are true

((wf,a))): ﬁf(wf,a)), vwhew”, Vji=12,..q;
((wf,a)))z ﬂf(wf,a)), vw® e WS, Vi=12,...,q9.

Since the original system (1) — (5) is infinite, which is impossible to obtain an
analytical solution for, it is necessary to pass to a discrete space for its numerical
implementation. Then for the discrete space W : W, = {w,w,,...,w,} the system, defining the

problem (1) — (5) is written

_(maSz WSJ(V—SPW?)_A]’(f;av,tazawgg)_FAl’(Bi’V’t’Z’W;J)Zﬁ(Z’Wf)’

d > (11)

j=12,...,q;

mas "

( d 2 ,ij_A] (B],t,Z,Wf):f;(Zan)a (12)

j=12,....,q;

E(O)ZP_%—)E) c’(Q),
S (13)
qu(O)ZSZO -8, € LZ(Q),

where the set {Pq(t,z), qu (t, z)}is the approximate solution of (1) — (5), represented as

Pit,2)=Y B! S, (6,2)=D (e, veelo,];
A j=
B/ () and B (¢) are the weighting coefficients.
The resulting solution is local because it is valid only on the local interval ¢ € lO,t qJ, and
t, 1s a discrete analog of 7, . It should be proved that 7, =¢,, i.e., that the local solution can be

extended to the whole time interval Vz € [0,z, ].
For this purpose the termwise multiplication of the derivatives of j-th dynamics ratios
(11), (12) by ﬁf (t) and S JS (t), respectively, as well as their summation is performed, and as

result the system of equations has the form of
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- (mﬁSz—q(t,z)’qu(t’ z)](v — qu(t, z))— A]’ (Pq (t, z),v, Pq(t, z))+

a
(14)
w4, (P (.2).8,, (62), P, (1,2)2 £i(2. P (1,2).
as, (t,z "
Y | A Y S ) a9
P(0)=PR; S, (0)=S,, (16)

where it turns out that the solution of {P(t,z),S,(z,z)} systems (1) — (5) exist in the whole
interval [0,z, ], i.e. l,=t.
Next, some operators ¥”and Y are introduced that perform projection # on W” and

Hon W? in n-dimensional space of R" for the norms of HPq (t, z]‘ and S, (t, ZX‘ Then, the

expressions of the dynamics (11), (12) can be represented as

—Yp%isz >¥"4 (P v.z)-Y" 4 (B.S,.2)+ YO (1), (17

v % _ys4"(p )+ v 1), (18)

and here (17) and (18) are performed in the spaces of W” and W* almost for all ¢ € (O,tk).
The above arguments imply that the operators Y 4, (Bl,v, z), Y4 (Bl,z)belong to the space

boundary of Lz(O,tk,WP ), and the operator of Y” A]’(BI,SZ,Z) — to the space boundary
(0.6, w°).

Finally, it follows that the required solution of {P(t,z),5,(,z)} can be obtained from the
approximate of qu(t,z),qu (t,z)}, and thus the following conditions for convergence are taken
into account:

= P, — P in the space of LZ(O,tk,WP) and S, — S, in the space of LZ(O,tk,WS) —

weak;

mas
. &2" - mZSZ in the space of I’ (O,tk,WS) — weak ;

= P, — P in the space of Lw(O,tk,WP) and S, — S, in the space of Lw(O,tk,WS) —
weak.

Therefore, the implemented limiting transition is the proof that the set of
{P(¢,2),S,(t,z)} provided by the specified conditions of convergence, is a solution of the (1)

— (5) system for the parameters of (m(z)k,(z)) € A, .

The next phase of the qualitative analysis is the proof of the uniqueness of the problem
solving of (1) — (5). Suppose that (1) ... (5) has two solutions, defined by the set of

{P‘ (t,2).5, (t,z)} and {Pz(t, z),S2(t, z)} Then it may also be assumed that for each point of the
domain Q there are numbers
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n’ :P](t,z)—Pz(t,z), n® :S;(l‘,Z)—SZZ(l‘,Z).

Replacing in terms of the systems dynamics of (1) — (5) the functions of P(t,z),
S,(¢,z) respectively by P'(t,z), Si(t,z) and P*(t,z), S:(t,z), it is possible to get two
systems where the termwise subtraction will lead to the result

(20 Yoy ) [ 40 )]

(19)

+[A]’(P‘,S2,t,z)—A]’(PZ,SZ,t,z)} >0
(%] - [A]” (P'1,2)-4" (P, z)} -0, (20)
n"(0)=0, 7°(0)=0. 1)

The expressions in square brackets in (19) and (20), based on the definition of the

operators A]’(-) and A]"(-), can be presented as

A,’(Pl’v,t,z)—A]’(Pz,v,t,z)zj 'n {k,i—i[ﬁ(p‘)_ﬁ(ﬁ)w}dz
A (P, 8h1,2)- 4, (P2S2,1,2) = j {k,i—i[ﬁ(P‘)—ﬂ(Pz)]‘S;—Sj‘}dz,

(P-4 Sl ) sl

Thus the system (19) — (21) can be presented as

|53 - \(W"] )-| Z{ [ﬁ - PZ)]P‘—P2‘|V|}dz+

(22)
j { 2" [5(P) ()] - P?si - 52\}dz>0
S, —S; mon_\_y k]—ZﬁP‘ - B\P*)|P' - P*|}dz =0, (23)
-3k () ()
n"(0)=0, n°(0)=0. (24)

It is obvious that implementing the conditions of the system (22) — (24) is possible
only under the condition that P'(t,z)= P*(z,z),S5(¢,z) = SZ(t,z) which proves the uniqueness
of the solution of initial problem (1) — (5).
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Thus, there is the solution of the problem in L* (Qﬂ L7(0,¢,,H) and it is unique.

Now the differentiability of the functional (10) in the form of proving the following
theorem is under study.
Theorem 2. For (m(z),k,(z))e A, the functional (10) has a weak derivative A, (i.e.,

the derivative in the sense of Gateaux) in the domain R".
Proof. The functional derivative J,[m(z),k,(z)] is defined as

g{ﬁ[P(nzpm,kl)—Ff(r)]

aJ,(m,k,) = [ oml(z - +
N é’[Sz(t,zj,n;k])—Fjs(t)]:l_p*dt}dz+igkl(z){K:(zl:a[P(t’Zj’”;Zl)_Fjp(t)h (25)

Askon b 0] 87

where {P(t,z),S,(t,z)} is the solution of the problem (1) — (5), and p’(¢,z) is the solution of
the adjoint system of the form

—m(z)%f (v—Sz)—[A,'(P,v,t,z)+ 4 (P,S,1, z)}i{kl (z)?’j >0, 26)
)2 —A]”(P,t,z);{kl 2 } o, o7

a”g’ 2) 0 for 5= ax(0,t,), (28)

p'(t,,z)=0 for Q. (29)

The conjugate function satisfies the following conditions

P (02)e 20, HEO) L 0); D g,z) 1), (30)
Assuming that (m(z),k,(z))— P(t,z) and (m(z).k,(z))— S,(z,z) are continuous on A,
and, consequently, have weak derivatives (i.e., derivatives in the sense Gato) on L’ (Q), we
can prove that the criterion J,[m(z),k,(z)] (8) is also Gateaux-differentiable, and its derivative
A, 1s

oJ, = —J.J.[ep(t,z)éP(t,z)+ e*(t,2)0S, (t,z)]dzdt ,

0Q

where
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K, +K,

tz22{‘ ‘i[tzmk ]dz}

K +K,

_22{‘ ‘j[s t,z,mk) (t)]dZ};

S8P(t,z) and &S, (¢, z) — respectively increment of functions P(t,z) and S, (z,z).
For the functions 6P(¢,z)e L*(Q) and &S, (t,z)e I*(Q), given the accepted symbols, the
expressions of the systems dynamics can be written

(%j@v = 85,)- 4, (6P, 6v,1,2)+ 4, (6P, 85,,1,2) =
€1y
(B 5 8
(@]_4"(5&@2) (5’” )%Sj Zn“ak 55]3 (32)

J

Next, the function p(t,z)e I*(Q) which can be defined by the following system is
introduced into consideration

(m_é’pj A’(p,vtz)+A (p,S,,t,2) = Iep+esp)dt;}

a ) (33)

ple,)=0,

and this system has a unique solution (which follows from the proof of Theorem 1), satisfying
the conditions

pel’ (Q)me (O’tk’H)’}

P o) e9
at
Using the expressions (31) — (34) the following can be obtained
- P P
S, = (5m(z)5‘§2 j(csv -85,)- 2[51{, a2 |5v|:ldz | Z[ék )% |5S @ (35)
Q i=l Q i=l

By equating in turn p =4S, and p = P, the inequality (26) can be obtained from
(35) and the relation (30) from (33). In addition, (35) results from (25). Hence Theorem 2 is
proved.

We can write the derivative J,(m,%,) by the parameters in the form of m(z) and k,(z)

207



Sergey A. Polozhaenko, Yuri V. Grigorenko

=J (m ml z z)|= MZM+ A “
a1, = 1ok Yo ] | anc) 40 g ) A e

where
wéin(zl){]) _ IﬁSz (t, Z)[V_ S, (2" (1.2, (36)
A (mk) ’ & oP(t,z) (1, 2)
- ”:A (Povit,z)+ 4, (p,sz,f,z)}; B (37)

The relations (36), (37) are convenient for the numerical calculation of the gradient of
the functional J, [m(z), k, (z)] while writing the optimization problem in the form (10).

A qualitative analysis of the problem of identification for water-oil reservoirs by the
porosity and permeability parameters, which are the parameter settings of the MM for
filtering process of the anomalous fluid, showed that there is a solution for the formulated
problem of identification in the optimization setting and it is unique. In addition, the quality
criteria in the formulated optimization problem is differentiable with respect to identifiability
of the porosity and permeability parameters, which means the possibility to achieve extremum
in its decision. In other words, a quality criterion for the optimization problem can be
minimized by MM settings, and the initial problem of identification for water-oil reservoirs is
the correct solution.
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