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[lpuBomuTCST CpPaBHUTENBHBIN aHANM3 M3BECTHBIX METOAOB MUHHUMH3AIMH OyJIeBBIX
¢yaxouid. [Ipemmaraercss ONTUMaNBHBIA CIOCOO MHUHAMHU3AIMH OyNeBBIX (YHKIHH,
OCHOBaHHBIH Ha HWHOUMYMHBIX JU3BIOHKTUBHBIX HOPMAIBHBIX (opMax OyneBbIX
(byHKIMIA.

KaroueBble ciioBa: coBeplICHHAas TU3BIOHKTHBHAs HOpMasibHas (opMa, MHUHUMabHAas
JU3BIOHKTHBHAS HOpManbHast (hopMa, HHGUMyMHast TU3bIOHKTHBHAsI HOpMaslbHast hopMa

BBenenne

Cno)xHOCTh KOMOMHAIIMOHHBIX U IOCJEI0BAaTENIbHBIX aBTOMATOB, PEAJIU30BAaHHBIX Ha
OCHOBE TU3BIOHKTHUBHBIX HOpManbHbIX GopM (JJHD) OyneBbix ¢pyukiuii (bP) onpenensercs
CyMMapHbIM PaHIOM KOHBIOHKIIMA MHUHUMAIbHBIX JU3BIOHKTUBHBIX HOPMAJBHBIX (HOpM
(MJH®) coorBercTBytromux bd.

BonbIIMHCTBO N3BECTHBIX METOI0B MUHUMU3ALNHU OyJIeBbIX (DYHKINN, OTPEICIISTIOIINX
M/IH®, otHOcarcs k JokanbHbIM anroputmam ynpoueHus JH® [1]. K nokanbHOMY
ANTOPUTMY OTHOCITCA M Kiaccuyeckuil meton KaailiHa-Mak-Knacku, OCHOBaHHBIA Ha
WCIOJIb30BAHUH JIOTUYECKUX OMEPALNM CKIEUBAHUS U MOTJIOIIECHHUS.

IITaru, cocraBastonue meTox Ksaitna-Maxk-Knacku.

1. 3aganue b® B BuJEe COBEPUICHHOM IU3BIOHKTUBHOW HOpPMalbHOW (HOpMBI
(CAHD).

2.  IlpoBeneHue omepanuu CKIEUBaHUS, B pe3yJbTare KOTOPOH IMOJydyaeM
JIU3BIOHKLIHIO BCEX BO3MOXHBIX KOHBIOHKIINH 3a1aHHON bD.

3.  Ilonyuenue cokpamennoi JIH® 3agannoit b® myrem npoBeneHus omnepauuu
MOTJIOIICHHUS.

4.  OOpazoBaHue sapa MyTeM OOBEAMHEHUS BCEX KOHBIOHKIIUM, OCTABIIUXCS TOCIE
MOTJIOMICHUS] HEKOTOPBIX KOHBIOHKIIUM.

5. VYopouieHue TaOnMIbl KOHBIOHKLIMN MYT€M BBIYEPKUBAHUS CTPOK U CTOJIOIOB,
COOTBETCTBYIOIIHUX SIPY.

6.  Omnpenenenue Bcex TynukoBbix JJH® bD.

7.  Omnpenenenune munumanbHbix JJTH® (M/IH®) 3anannoit bO.

[Tonstue smpa siBrsieTcst JIoKambHBIM [1], mosTtomy anroputm Kgaitna-Mak-Knacku
TaK)K€ MPUHAIJIEKUT K JOKAIbHBIM AJITOPUTMAM CO BCEMHU HEIOCTATKAMH, IPUCYITUMHU 3TUM
aJIrOpuTMaM.

Kpome Toro, mns OoipIIioro 4mcia TEPEeMEHHBIX 7 TEPEYHCICHUE BapHUaHTOB
CKJIEMBAHHS W CHHTE3 MHOXKECTBAa TYNMUKOBHIX JIH® 3HAUMTENBHO YCIOXKHSET MPOUEAYPY
MUHHUMU3ALNH.

K 7oxkanpHBIM anropuTMaMm OTHOCHTCS W METOJ JBYX ITOJAMHOXECTB, KOTOPBII
O0asupyeTcsi Ha TPEACTABICHUM MHOXKECTBA BEPUIMH n-MEpHOro Kyba  OByMS
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10.J1. UBanor

IMOJMHOKECTBAMU TaK, YTO OAHO IMOAMHOYKECTBO COJEPKHUT BEPIIUHBI C YETHBIM YHUCIOM
IIEPEMEHHBIX C WHBEPCHEW, a BTOPOE MOJMHOXXECTBO COCTOUT M3 BEPUIIMH C HEYETHBIM
YUCIIOM IIEPEMEHHBIX C HHBEPCUEH.

Orot MeTo] pacnpoctpaHsiercss Ha b® oT n mepemeHHBIX U B 00ILIEM Cilydae MpoIle
Kyaccuueckoro meroga Keana-Maxk-Kitacku.

Pa3znuunble Moaudukanuy MeToa ApeBOBUIHOTO rpada [2] mpocThl B peau3aiuu, HO
00J1a/1al0T CYIIECTBEHHBIMU HEOCTATKAMM, KOTOPHIE 3aKJIFOYAIOTCS B MOTYYCHHH POCTHIX
KOHBIOHKIIMN U B BBIOOpE Cpeil HUX TYMUKOBBIX (HOPM.

Cy11ecTBEHHBIM CBOMCTBOM JIOKQJIBHBIX aNropuTMOB Munumuzauuu bd sensercs To,
YTO KAXKJI0€ OJHOKPATHO IPOBOJIUMOE YIIPOLIEHUE JIOKAIBHO, T.€. 3alPAIIMBAET TOJIBKO OJUH
yiieH (ogHy KoHbIOHKIMIO) JI®H, mpuyem Bce BO3MOXHBIE IMPEOOpa3OBaHUSI CBOISATCS
TOJIBKO K BBIYEPKUBAHUIO OYKB B KOHBIOHKIUSAX WJIA BHIYEPKUBAHUIO CAMUX KOHBIOHKITHI.

[TocnenoBaTenbHOCTh YIPOIICHUH MAaeT BO3MOKHOCTh MOCTPOUTH TynukoByro JIHOD,
KOTOpass  SIBJIIETCS  JIOKAJIBHBIM  JKCTpeMymMoM.  Pasnuuue  mocinenoBaTresibHOCTH
npeoOpaszoBannii ucxogHor JIH® ompenensieTcss MHOXECTBOM JIOKAIBHBIX JKCTPEMYMOB,
Cpeau KOTOPBIX HEOOXO0AUMO HANTH TTI00ANIBHBIN SKCTPEMYM, TO €CTh MUHUMaNbHY0 JTHD.

B oOmiem cnyuyae mocienoBaTeNbHOCTh MPEOOpPa3OBaHUN CBOJIUTCS K €CTECTBEHHOM
VIOPSAOYCHHOCTH: COBEpIICHHAs JU3BbIOHKTUBHAs HopMaibHas ¢opma (CIHD) -
cokpaieHHas JIH® — tynukosas [JH® — muaumansnas JJHO.

Cokpamennas [IH® onnosznauno crpoutcs mo CIH®D, HO ompeneneHne TYMUKOBBIX
JIH® HeogHO3HAYHO, TaK Kak yJaJeHHE HEKOTOPbIX KOHBIOHKUMU B cokpamieHHoi JIOH
MOJKET pUBOIUTH Kak K MJ/IH®, tak u k TynukoBoii JJTH®D, koTopas B o01IeM ciydae MOXKET
u He ObITh MJITHO®.

Kpome Toro, Tounoe umcio tynukoBsix JJH® konkperHoit b® He ompeneneHo. Ito
MPUBOJUT K TOMY, YTO B JIOKAJBHBIX anroputMax Beioop MIH® cpenu tynukossix JJHD He
SIBJISIETCSI CTPOT'O OJTHO3HAYHBIM.

Takum o0pazom, ompeaeneHue IIOOANBEHOTO HKCTpemyma, To ectb MJIH® c
MUHUMAaIbHO BO3MOXHBIM paHroM M/[H® . . , B JIOKaJbHBIX alrOpUTMax CTPOro He
JI0OKa3aHoO. OJTO TMPUBOAUT K TOMY, UTO JIOKaJbHbIC aJrOPUTMBI B OOIIEM cllydae
OCYIIECTBISIOT MpuOIM3uTenbHytlo omnenky MJIH®, koropas He sBIseTCS TI00aJbHBIM
IKCTPEMYMOM, TO €CTb MJIHD , .. .

Hanoxxenne mro0bIX orpaHnueHuid Ha Tmpouenypy ympomenus bd, nHanpumep,
Munumuzanuss b® no wvactsam, npenacraBieHne b®d B BHAE HECKOJBKUX IOJMHOXECTB,
3a/laHle KOHKpeTHOM b®, ompenenser JIOKAIbHBIA XapaKTep 3THX YIPOIIEHHH CO BCEMH
MPUCYILIUMH HETOCTATKAMH.

OcHoOBHAA YaCTh

Jna  nmpoBeneHUs — CPaBHUTENBHOTO  aHalduM3a  HEKOTOPBIX  COBPEMEHHBIX
pacpOCTPaHEHHBIX AJITOPUTMOB MHHUMH3AUUK B HCHONIb3yeM COBPEMEHHBIN AITOPUTM
MUHUMU3ALNN, 00ECTIeUNBAIOIINN OydYeHUe rI100anbHOro 3KcTpemyma M/JTHD MyTeEM

min min
CHUHTE3a MHPUMYMHBIX JU3BIOHKTUBHBIX HOpMaJbHBIX ¢opM (MIH®D) bD, TO ecTh TOUHBIX
HVDKHHMX TPaHUI] 10 KPUTEPUIO CyMMAapHOro paHra Bcex KOHbroHKIMN UJIHD ry . [3].

Anroput™m cunreza UJIH® Bb®, to ects rnodanbHOro skcrpemyma MIH®D

min min °
MPEJCTaBICHHOTO B TEPMHHAX N-MEepHOro Kyba E", peanusyercs Ha OCHOBE COBEpIIEHHON
MaTpuyHoi paccranoBku (CMP)[4].
Peanuzanus anroputma cunareza UIH® B [S] ocymiecTBiaseTcss B HECKOJIBKO ATAIMOB:
1. Jl7is 3a1aHHOTO YKca n mepeMeHHBIX QYHKIUH [ (xg, xi»---» X,_1) OMPEIACISIOTCS

BCE n-pa3psjIHbIC JBOMYHBIE KOMOWHANWKW HOMepoB BepmwmH kyba E" ot 000....0 mo
I11....1.
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2. Jnsa 3aganHOM DK@ omnpenensroTcs BEPIIMHBI MOJAMHOXKECTBA N, c E", nnsa

KOTOpI’IX f(.XO’ Xlseees Xn—l) = 1 .
3. HJ’I?I Ka)KI[Oﬁ BEPIIMHBI ITOAMHOXECTBA Nf OnmpeaAcCIAIOTCA BCC BO3MOXXHBIC

reoMEeTpUUYECKHEe COCEeU 0 BCeM n ompejerneHHbM B npenenax CMP n-mepHoro kyba E”.
TakuM 06pa3oM OpPraHM3yIOTCS BCE BO3MOJKHBIE TOKpBIBaroInie Kyosl E' (pebpa) ams Bcex
BCPLINH MOJIMHOXKeCTBA N .

4. B omnpenencHHOH COBOKYTHOCTH TIOKphIBalomux Kybos E'  (pebep)
MPOU3BOUTCS TPUBEACHUE TOJOOHBIX (SPKBHUBAICHTHBIX) IOKPHIBAIOIINX HHTEPBAJIOB,
KOTOPBIE COJIEP)KAT OJMHAKOBBIC BEPIIMHBL. B pe3yibTaTe NMPHUBEICHHS OCTACTCS TOJIBKO
OJIMH MTOKPBIBAIOIINI MHTEPBAT U3 KaXKIAOH IPYIIBI SKBUBAJICHTHOCTH.

5. Opranu3yloTcs Bce BO3MOKHBIE HOKpHIBAIOIIME KyObl E° (TpaHH) IS KasKIO0To

KY6a E1 B IIpeaciax IMmoaAMHOXKECTBA BEPIIHNH Nf 110 BCEM BO3MOKHBIM IICPCMCHHDBIM. Ecmu

. - . . .
npeobpasoBanue E' — E'" HEBO3MOXKHO, TO IpeoOpasyeMblil HOKPHIBAIOIIMM HHTEpBal E'
SIBJISIETCSI MAKCUMAJIBHBIM TTOKPBIBAIOIIUM MHTEPBAJIOM MOKPBITON COBOKYITHOCTH BEPIIUH U
BXOJIUT B MAKCHUMaJIbHOE MOKpBITUE BepmnH N i noagMHOkectBa N e ITonsiTHO, YTO

IIPUBEJICHUE DJKBHUBAJICHTHBIX IIOKPHIBAIOIIMX WHTEPBAJIOB OCYLIECTBIAETCS Ha BCEX
BO3MOKHBIX 3Taax MmocTpoenus Kkybos E' E'.
6.  OObenuHEHME  MaKCMMaIbHBIX  IOKPHIBAOIMX N,  WHTEPBAIOB  BCE

COBOKYITHOCTEH BEpIIMH IOJMHOKECTBA 00€CIeYMBACT MAaKCUMAIbHOE ONTHMAJbHOE
noKpbIiTHE N 5., YTO OHpenenser f uﬂH(p(xo, Xis-eos Xn1) =1 , TO €CTh TJIOOATBHBIA ONTUMYM

MIAH®D ;. .., CDPaHroM Iy .
Ha Bcex sramax mocTpoeHus MOKPBHIBAIOIINX KYOOB E' OJHOBPEMEHHO MPEOOPA3YIOTCS
BCE BEPIIMHbBI MOIMHOKECTBA N, HA KOTOPOM J (X0s X155 Xny) =1, UTO TPUHUIUNHAIBHO

OTJIMYAET IN100aIbHBIA aNropuT™ cunTesa M/IHD (MJH®) ot n0KanpHBIX alrOpuTMOB

min min
CO BCEMH UX HEAOCTATKAMHU.

JUis  mpoBeneHWs  CPaBHUTENBHOIO  aHalM3a  HEKOTOPBIX  COBPEMEHHBIX
paclpoCTpPAaHEHHBIX AJITOPUTMOB MHMHMMM3anMu bd® wHcnonb3yeM anropurM CHHTE3a
MIH® 1, s -

Jlnst TecTUpoBaHMs ObUIM BBIOPAHBI CIIEIYIOIINE TPOrpaMMbl MUHUMHU3AIUH:

1.  Simple Solver — makeT Oys€BOM JOTUKH, KOTOPBII MOKET OBITh UCIIOJIH30BAH JIJIs
pa3paboTKu TaOIMIl ICTUHHOCTH U COKpAIlleHus OyJIeBbIX ypaBHEHHH [6].

2. Online minimization of Boolean functions. [Iporpamma BbIIONHSET OHJANH
ONnTUMM3aIMI0 OyneBbIX (YHKIMHA, KOTOpble 3aJaHbl YpaBHEHUSAMH WM TaOnuuen
UCTHHHOCTH [7].

3. Logic Friday — mporpammHoe o0ecriedeHue i ONTUMHU3ALMM JIOTHUECKUX
BBIpOXEHUH, aHanmn3a u cuHTe3a OyneBbix ¢yHkuuid. Logic Friday ucnonb3yer espresso st
MuHumu3auuu 1 misll ansa cunresa quarpamm [8].

4.  Karma (KARnaugh Maps — noruueckuii cunte3 — Quine-McCluskey anropurm)
MpEeJCTaBIseT COO0OM HAaOOp MHCTPYMEHTOB JIOTMYECKOTO CHUHTE3a, B TOM YHMCIIE KapThl
Kapno, KBaitna-Mak-Knacku MunumMu3anuu, u Ipyrue nporpaMmmsl [9].

5. Karnaugh Minimizer — 3TO HHCTPYMEHT s pPa3pabOTUMKOB IHPPOBHIX
YCTPOMCTB, KOTOpBIE HCMONB3YIOT OyneBbl (QyHkuuu U Kapthl Kapno. Ilpu kommuectse
nepeMeHHbIX 2/8 ucnonbiyrorces kaptel Kapno, npu 9/23 nepemenHsix — Quine-McClusky
muHUMA3anu [10].

Jlnst Kakaod mporpamMmbl ObUIM CO3JIaHBl TAOJIUIBI UCTUHHOCTU. Pe3ynbTaThl paboThI
MporpaMM TMpEJCTaBI€Hbl B BUAE MHUHUMU3HPOBAHHBIX (YHKIMH, KOTOpbIE OBLIN
HOpPMaJIM30BaHbl JUId IPOBEAEHUS OLICHKM OTHOCUTEIBHO MWJCAIbHON MpPOrpamMMbl
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cuareza WJIH® b®d. Ounenka kadecTBa MHUHMMH3aIUU 3amaHHelx B Bujge JHD
OyneBbIX (DYHKUMHA pPACCUMTHIBAETCS M3 KOJUYECTBA CO3/JaHHBIX KOHBIOHKUUN, KOTOpPbHIE
COCTABJISIIOT ~ COOTBETCTBEHHBbIE  MuUHUManbHble JIH®  mmg  kaxaod  NporpaMmsl.
CpaBHuTenbHasi OlLEHKAa paHra cooTBercTByrommx MJIH® He wucnons3oBaiachk,
IIOCKOJIBKY KpHUTEpHUs KOJIMYECTBA KOHBIOHKIMM, co3gaHHelx MJIH® okasamocs
JOCTAaTOYHO.

KomnyecTtBo KOHBIOHKIMK MUHUMAaNbHbIX JIH® kaknoil mporpammbl MUHUMH3ALUU
oleHuBanace i n=4/1.

1.  KonmnuecTBo nepeMeHHbIX n=4.

[Iporpamma Karnaugh Minimizer MuHuMu3upoBasia OyneBy (GYHKIHIO XYXKe, 4YeM
JIpYyrue Iporpammsl, TO €cTb MUHUMaNIbHAs JIH® comepKUT 5 KOHBIOHKLHUH, a BCE APYrUe
MIPOrpaMMbl UIMEIOT 1O 4 KOHBIOHKLIHUH.

2. KonnuecTBo MepeMEHHbIX n=35.

[Iporpammbr Logic Friday u Karnaugh Minimizer uUMEOT yBeIWYEHHOE YHUCIO
KOHBIOHKIMI I10 CPaBHEHMIO CO BCEMHM OCTaJbHBIMU HIporpammamu: M/JH®D,.=12>11

MIH®,,, =14 >11, T0 ecTb 3TH IPOrPaMMBbI pabOTAIOT IJI0XO.

3. KonuuecTBo nepeMeHHbIX n==6.
[IporpamMma Online minimization nmoiHOCTHIO HEe padoratot. [Iporpamma Logic Friday
UMEET YMCIIO KOHBIOHKUMN M/JH®D,,. =15>14, a Karnaugh Minimizer M/[H®,,, =15>14,

TO €CTh 3TH NMPOTrPaMMbI pPabOTAIOT IIJIOXO.

4.  KoanuecTBO NepeMEHHbIX n="7.

[Iporpammsbl Online minimization, Karma ne pa6orator. IIporpamma Logic Friday npu
MIH®,, =24 >22 u nporpamma Karnaugh Minimizer npu MJH®,,, =28 >22 paboraror

J10XO.
5. KonunuectBo nepeMeHHbIX 1 =3§.
[Iporpammsbl Online minimization, Karma ne pa6orator. IIporpamma Logic Friday npu
M/IH®,,.=43>41 u nporpamma Karnaugh Minimizer npu M/[H®,,, =53 >41, T0 ecTb

paboTaroT TI0XO.

6.  KoaunuectBo nepeMeHHbIX n=9.

[Tporpammer Simple Solver, Online minimization, Karma, Karnaugh Minimizer He
pabotatot. IIporpamma Logic Friday npu M/JH®,, =75>74.

7.  KommuectBo nepemenHsix n =10.
[Tporpammer Simple Solver, Online minimization, Karma, Karnaugh Minimizer ne
paborator. IIporpamma Logic Friday npu M/JH®,, =154 >150 .

8.  KommuectBo nepemeHHbix n=11.
Bce mnporpammsbl, 3a uckimouenueM Logic Friday m W/IH® wmunumunzanus, He
pabotator. IIporpamma Logic Friday npu M/[H®,, =272 >271 paboraeT 04YeHb ILIOXO, A

MHOT/Ia COBCEM He paboTaer.

9.  KonunuecTBo nepemeHHbIX 1 =12.

IIporpammMber ~ Simple  Solver, Online  minimization, Karma, Karnaugh
Minimizer He pabotator. IIporpamma Logic Friday pabGortaer mimoxo, Tak Kak

MIH®,, =527 >513.

KomnuectBo nn3broHKTUBHBIX MJIH® kaki0il U3 TECTUPYEMBIX MPOrpamMM JUisl YhCiia
nepeMeHHbIX n=4/12, npuBenensl B Tadme 1.
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Taoauua 1.

KonnuectBo unieHoB nn3bI0HKTUBHBIX MJIH® noaydeHHBIX PU MUHUMH3ALUT
COOTBETCTBYIOIIMMH IIPOrpaMMaMHu.

Yucno UJAH® | Simple Online Logic Karma | Karnaugh bes
[IepeMEH- | MHHHU- Solver | minimization | Friday Minimizer | MHUHHU-
HBIX N | MH3auus MU3aLUH
b®
4 4 4 4 4 4 5 13
5 11 11 11 12 11 14 22
6 14 22 - 15 14 15 49
7 22 41 - 24 - 28 88
8 41 - - 43 - 53 186
9 74 - - 75 - - 370
10 150 - - 151 - - 731
11 271 - - 272 - - 1427
12 513 - - 527 - - 28293
BriBOaBI

Taxum o00pa3oM, NpPOBEIEHHBIM aHAIM3 IOKa3ajl, 4TO HM OJHA M3 TECTHPYEMBIX
OporpaMM HE€ MOKET OOecleunuTh TrapaHTUpOBaHHOe mnonydenue M/IAH® . . = s

OOJBITMHCTBA 3HAYCHUH 4Yucia mnepeMeHHbIXx n=4/12 3amanaeix b®d, BciencrBue

JIOKQJIbHOT'O XapaKTepa MUHUMU3HUPYIOIUX IPeoOpa3oBaHUM.
Kpome Toro, MHOrue TeCTHpyeMblE MNPOrpaMMbl MHUHUMHU3ALUU OTKA3bIBAKOTCS

paboTath, HauMHasg ¢ n>6. I'apanTMpoBaHHO obOecmedmBaeT mnonydenue M/AHD . ..

(MJH®) B xauectBe TouHOCTU HUXHEH rpaHuubl MIAH® TonbKO riao0anbHBI alroputMm
NIH® MuHUMU3a11H, OTHOCUTEJIBHO KOTOPOI'O M IPOBOINIOCH CPAaBHEHHUE.
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E®EKTUBHUM CITOCIE MIHIMIZAIIIT BYJEBUX ®YHKIIN HA OCHOBI IHOIMYMHUX
JU3’IOHKTUBHUX HOPMAJIBHUX ®OPM

10./1. IBanoB

Opnecbkuii HalllOHAJILHUI MTOJIITEXHIYHUH yHIBEPCHUTET,
npocr. [lleBuenko 1, Oneca 65044, Ykpaina; e-mail: iva.iurij2013 @yandex.ua

HaBoanTbess NMOPIBHSUIBHUMI aHalli3 BIiZOMHMX METOAIB MiHiMi3anii OyneBuXx (yHKIH.
[IpononyeThes onTUMaNBHUK crIoci0 MiHiMi3anii OyneBux (yHkuii, 3acHoBanuid Ha [JITHD
ySBICHHAX OylIeBUX (yHKIIIH.

Kro4oBi cioBa: mockoHana [i3'fOHKTHBHA HOpMaibHA opMa, MiHIMalbHA i3 TOHKTHBHA
HOpMalbHa (hopMa, iH(piMyMHA Ti3'FOHKTHBHA HOpMaibHA GopMa

EFFICIENT WAYMINIMIZATION OF BOOLEAN FUNCTIONS BASED ON INFIMUMNYH
DISJUNCTIVE NORMAL FORM

Yu.Ivanov

Odessa national polytechnic university,
1 Shevchenko Ave., Odessa 65044, Ukraine; e-mail: iva.iurij2013 @yandex.ua

The comparative analysis of the known methods of minimization of Boolean functions. It
offers an optimal way to minimize Boolean functions based on infimumnyh disjunctive
normal form of representation of Boolean functions.
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