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The paper discusses the properties of perfect binary arrays and their thinned matrices when 

the cyclic shifts of rows and/or columns are performed. The relationship between the cyclic 

shifts parameters of generator array and its thinned matrices found, the location of thinned 

matrices when performing operation of interleaving revealed. The discovered properties of 

equivalence class thinned matrices will allow design of the cost-effective schemes of 

generators for perfect binary arrays of different orders. Such schemes can be used for 

cryptographic transmission of information, for broadband signals construction and other 

purposes. 
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Introduction 

In recent years, a lot of domestic and foreign scientific papers are dedicated to the issues 

of Perfect Binary Arrays (PBA) application. Such structures are widely used to solve various 

problems of radio engineering, for example: synthesis of antenna aperture, perfect time-

frequency codes design, new classes of block error-correcting codes design, new classes of 

orthogonal, biorthogonal and minimax noise-like signals with the multiloop cyclic shift 

property design, encryption tasks and so forth [1, 2]. However, the theory of the PBA requires 

further research. In particular, the task of an efficient PBA generator design, which takes into 

consideration structural properties of the PBA and their thinned matrices, must be solved. 

The PBA is two-dimensional matrix of size N N  [2] 

,( ) i jP N p , (1) 

where 
, { 1, 1}i jp     — elements of PBA; 

0, 1i N   — numbers of rows of PBA; 

0, 1j N   — numbers of columns of PBA; 

which has an ideal two-dimensional periodic autocorrelation function (2D PACF)  

2

,

0 0
0 0 0( )

0 0 0

m n
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R N r

 
    
  

, (2) 

where 0, 1m N   — numbers of 2D PACF rows; 

0, 1n N   — numbers of 2D PACF columns. 

Elements of 2D PACF (2) of P0BA are calculated using an equation 
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while values i+m and j+n are calculated modulo N. 

An example of the PBA (4)P  size of 4×4 and its 2D PACF (4)R  respectively given 

below 

(4)P
    
             

, 

16 0 0 0
0 0 0 0

(4)
0 0 0 0
0 0 0 0

R

 
   
  

. (4) 

Here and further the elements of PBA «+1» and «–1» denoted as «+» and «–» 

respectively. 

It is known the PBAs of order 2k
N   and 3 2k

N   , where 1,2,3,4, ,k k  — non-

negative integer [3]. 

Research, given in this paper was performed within the Research work "Methods of 

informational security in broadband telecommunication systems", which is carried out by 

Information Security Department, Odessa National Polytechnic University. 

The aim of the research  

The research is devoted to the consideration of the properties of the equivalence class 

perfect binary arrays thinned matrices while the cyclic shifts of its rows and/or columns are 

performed. Such properties are able to simplify design of the equivalence class PBA 

generator.  

The following problems must be solved to achieve this: 

1. Evaluate the mutual properties of the PBAs and its thinned matrices while the 

cyclic shifts of their rows and/or columns are performed. 

2. Determine the relationship between the cyclic shift parameters of generator PBA 

and the cyclic shift parameters of thinned matrices. 

3. Determine the relationship between the cyclic shift parameters of generator PBA 

and the location of thinned matrices when interleaving is performed. 

Main Body 

It is known [1], that each PBA of arbitrary order N can be a generator (base) to build the 

equivalence class of PBAs — Е(N)-class. Such class can be obtained from a generator matrix 

by means of cyclic shifts of its rows and/or columns. Thus, if any arbitrary PBA is chosen as a 

generator, on its basis an Е(N)-class can be constructed and the power of it is given by 

2

( )E NS N . (5) 

The union of all equivalence classes of PBA enables to construct a complete U(N)-class 

of PBAs. The random selection of any PBA from each E(N)-class as a base allows to 

construct the generator class of PBAs — Π(N)-class, the power of which when 2 4k
N    is 

given by [3] 
1

1

( 1)/2 ( 1)/2 2 2( 1)

( )
( -2)/2 /2 2 2( 1)

7 3 2 , есɥи  ɧечеɬɧɨе;
7 3 2 , есɥи  чеɬɧɨе.
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(6) 
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TСО pШаОr ШП РОЧОrКtШr Π(2)-class of PBAs is (2) 2S  , tСО pШаОr ШП Π(4)-class — 

(4) 12S  . 

Consider the next PBA as a generator  

0 (4)P
    
             

, (7) 

where the subscript denotes its belonging to one of equivalence classes. 

On the basis of given PBA (7) by means of cyclic shift of rows and/or columns 

operations the corresponding Е(4)-class (Table 1) was constructed. 

Table 1. 

Equivalence E(4)-class of PBAs 

 2 0k   2 1k   2 2k   2 3k   

1 0k   
[0,0]

0 (4)P
    
             

 [0,1]

0 (4)P
    
             

 [0,2]

0 (4)P
    
             

 [0,3]

0 (4)P
    
             

 

1 1k   
[1,0]

0 (4)P
    
             

 [1,1]

0 (4)P
    
             

 [1,2]

0 (4)P
    
             

 [1,3]

0 (4)P
    
             

 

1 2k   
[2,0]

0 (4)P
    
             

 [2,1]

0 (4)P
    
             

 [2,2]

0 (4)P
    
             

 [2,3]

0 (4)P
    
             

 

1 3k   
[3,0]

0 (4)P
    
             

 [3,1]

0 (4)P
    
             

 [3,2]

0 (4)P
    
             

 [3,3]

0 (4)P
    
             

 

 

In Table 1 parameters k1 and k2 denote number of cyclic shifts of base PBA’s rШаs 
down and number of cyclic shifts of columns to the left respectively. Let denote by [ 1, 2]

0 (4)k k
P  

any PBA belonging to an equivalence Е(4)-class. 

An arbitrary square PBA ,( ) i jP N p  of order N can be thinned in the spatial 

coordinates [4] in order to obtain four matrices 

,

,

,

,

( / 2) ,

( / 2) ,

( / 2) ,

( / 2) ,

m n

m n

m n

m n

A N a

B N b

C N c

D N d


 
 

 

, 0, / 2 1m N  , 0, / 2 1n N  . 
(8) 

Let call these structures the thinned matrices. The dimension of such matrices is / 2 / 2N N . 

The elements of thinned matrices are calculated using the next equation  

, 2 ,2

, 2 ,2 1

, 2 1,2

, 2 1,2 1

,

,

,

m n i j

m n i j

m n i j

m n i j

a p

b p

c p

d p





 

 

  

, 0, / 2 1, 0, / 2 1,

0, / 2 1, 0, / 2 1

i N m N

j N n N

   
    

, 
(9) 

where i  — number of PBA’s rШа; 
j  — ЧЮmЛОr ШП PBA’s МШХЮmЧ; 
m  — number of thinned matrix row; 
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n  — number of thinned matrix column. 

Consider an operation of thinning in spatial coordinates and obtaining the thinned 

matrices ( / 2)A N , ( / 2)B N , ( / 2)C N , ( / 2)D N on the example of PBA of order N=4. The 

elements of PBA are located as follows  

0,0 0,1 0,2 0,3

1,0 1,1 1,2 1,3

2,0 2,1 2,2 2,3

3,0 3,1 3,2 3,3

(4)

p p p p

p p p p
P

p p p p

p p p p

 
 

  
 
 

. (10) 

Operation of thinning PBA (10) in spatial coordinates leads to the construction of four 

thinned matrices, which constitute the PBA 

0,0 0,2 0,0 0,1

2,0 2,2 1,0 1,1

( / 2) (2)
p p a a

A N A
p p a a

           
, (11) 

0,0 0,2 0,0 0,1

2,0 2,2 1,0 1,1

( / 2) (2)
p p b b

B N B
p p b b
           

, (12) 

0,0 0,2 0,0 0,1

2,0 2,2 1,0 1,1

( / 2) (2)
p p c c

C N C
p p c c

           
, (13) 

0,0 0,2 0,0 0,1

2,0 2,2 1,0 1,1

( / 2) (2)
p p d d

D N D
p p d d
           

. (14) 

Opposite is also true. The square PBA ,( ) i jH N h  of order N can be constructed from 

four thinned matrices (11)–(14) of order N/2 by means of spatial interleaving of thinned 

matrices elements, which is an inverse of the thinning (9).  

Equation to calculate elements of PBA using the thinned matrices ( / 2)A N , ( / 2)B N , 

( / 2)C N , ( / 2)D N  is given below 

2 ,2 ,

2 ,2 1 ,

2 1,2 ,

2 1,2 1 ,

,

,

,

i j m n

i j m n

i j m n

i j m n

h a

h b

h c

h d





 

 
 
 

 

, 0, / 2 1, 0, / 2 1,

0, / 2 1, 0, / 2 1

i N m N

j N n N

   
    

. (15) 

While performing the operation of interleaving (15), the thinned matrices can be 

permuted. The number of these permutations is 4! 24 . Thus, by means of permutations of 

four thinned matrices ( / 2)A N , ( / 2)B N , ( / 2)C N , ( / 2)D N  and the operation of interleaving, 

24 PBAs can be constructed. 

In this way, if for construction of PBA the permutation of thinned matrixes 

( / 2) ( / 2) ( / 2) ( / 2)A N B N C N D N  is used, the elements of resulting PBA will be located as 

shown below 

0,0 0,0 0,1 0,1

0,0 0,0 0,1 0,1

1,0 1,0 1,1 1,1

1,0 1,0 1,1 1,1

(4)

a b a b

c d c d
P

a b a b

c d c d

 
 

  
 
 

. 

If another permutation is used, e.g. ( / 2) ( / 2) ( / 2) ( / 2)A N C N B N D N , the elements of 

resulting PBA will be located as follows 
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0,0 0,0 0,1 0,1

0,0 0,0 0,1 0,1

1,0 1,0 1,1 1,1

1,0 1,0 1,1 1,1

(4)

a c a c

b d b d
P

a c a c

b d b d

 
 

  
 
 

. 

For example, for the PBA (7) the thinned matrices look as follows 

( / 2) (2) ,A N A
       

 
(16) 

( / 2) (2)B N B
       

, (17) 

( / 2) (2)C N C
       

, (18) 

( / 2) (2)D N D
       

. 
(19) 

Consider the relationship between the cyclic shift parameters k1 and k2 of generator 

PBA and the cyclic shift parameters of its thinned matrices. Then consider location of thinned 

matrices after the cyclic shifts of generator PBA will be performed.   

Let parameters a1, b1, c1, d1 and a2, b2, c2, d2 denote the number of cyclic shifts of 

thinned mКtrТМОs’ ( / 2)A N , ( / 2)B N , ( / 2)C N , ( / 2)D N  rows down and columns to the left 

respectively. 

For brevity the thinned matrices will be denoted by A, B, C, and D. 

As follows from Table 1 and equation (9) and taking into account (16)–(19), the 

following combinations of thinned matrices can be obtained (Table 2). 

Similar studies have been conducted to PBA of larger orders, in particular for 6N   

and 8N   that can more clearly illustrate the results presented below. 

Table 2. 

E(4)-class of PBAs presented as combinations of thinned matrices  

 2 0k   2 1k   2 2k   2 3k   

1 0k   [0,0] [0,0] [0,0] [0,0]
A B C D  [0,0] [0,1] [0,0] [0,1]

B A D C  [0,1] [0,1] [0,1] [0,1]
A B C D  [0,1] [0,0] [0,1] [0,0]

B A D C  

1 1k   [1,0] [1,0] [0,0] [0,0]
C D A B  [1,0] [1,1] [0,0] [0,1]

D C B A  [1,1] [1,1] [0,1] [0,1]
C D A B  [1,1] [1,0] [0,1] [0,0]

D C B A  

1 2k   [1,0] [1,0] [1,0] [1,0]
A B C D  [1,0] [1,1] [1,0] [1,1]

B A D C  [1,1] [1,1] [1,1] [1,1]
A B C D  [1,0] [1,1] [1,0] [1,1]

B A D C  

1 3k   [0,0] [0,0] [1,0] [1,0]
C D A B  [0,0] [0,1] [1,0] [1,1]

D C B A  [0,1] [0,1] [1,1] [1,1]
C D A B  [0,1] [0,0] [1,1] [1,0]

D C B A  

 

As follows from Table 2, there exist only four possible combinations of thinned 

matrices A, B, C, and D with different number of their cyclic shifts of rows or/and columns, in 

particular 

[ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]a a b b c c d d
A B C D , [ 1, 1] [ 1, 2] [ 1, 2] [ 1, 2]b b a a d d c c

B A D C , 

[ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]c c d d a a b b
C D A B , [ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]d d c c b b a a

D C B A . 

Combinations of thinned matrices permutations depend on whether the cyclic shift 

parameters k1 and k2 of generator PBA are odd or even. The Table 3 illustrates such 

relationship.  
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Table 3. 

Combinations of thinned matrices depending on the parameters k1 and k2  

1k  2k  Combinations of thinned matrices 

even even [ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]a a b b c c d d
A B C D  

even odd [ 1, 1] [ 1, 2] [ 1, 2] [ 1, 2]b b a a d d c c
B A D C  

odd even [ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]c c d d a a b b
C D A B  

odd odd [ 1, 2] [ 1, 2] [ 1, 2] [ 1, 2]d d c c b b a a
D C B A  

 

In addition, there is a dependence of the cyclic shifts parameters of thinned matrices A, 

B, C, and D on parity of the cyclic shifts parameters k1 and k2 of generator PBA. Let consider 

such relationship in detail (Table 4) 

Table 4. 

The cyclic shifts parameters of thinned matrices 

1k , 2k  1a , 2a  1b , 2b  1c , 2c  1d , 2d  

even 1 / 2k  1 / 2k  1 / 2k  1 / 2k  

odd ( 1 1) / 2k   ( 1 1) / 2k   ( 1 1) / 2k   ( 1 1) / 2k   

 

For example, if following cyclic shifts parameters of PBA are given: k1=2, k2=1, then 

according to the Table 3 the cyclic shifts of rows and columns of generator PBA by k1 and k2 

elements respectively lead to the structure [ 1, 1] [ 1, 2] [ 1, 2] [ 1, 2]b b a a d d c c
B A D C . The cyclic shifts 

parameters of thinned matrices (a1, a2), (b1, b2), (c1, c2), (d1, d2) can be determined from 

Table 4. In this way, the following PBA is obtained  

[1,0] [1,1] [1,0] [1,1]( / 2) ( / 2) ( / 2) ( / 2)B N A N D N C N , 

that corresponds to the Table 2. 

Conclusions  

The properties of PBA and their thinned matrices while the cyclic shifts of rows and/or 

columns are performed are discussed. The relationship between the cyclic shifts parameters of 

generator PBA and the cyclic shifts parameters of thinned matrices discovered. Moreover, the 

relation between the cyclic shifts parameters of generator PBA and location of thinned 

matrices when performing operation of interleaving revealed.  

The results obtained in this study can be utilized in the design of the equivalence class 

PBA generator which can be used for cryptographic transmission of information, for 

broadband signals construction and other purposes. 

The equivalence class PBA generator can be constructed in various ways: 

 store in memory all the PBA of equivalence class and use the switch to select the 

desired PBA, in this case it is possible to reach a minimum hardware complexity, but it 

requires a large amount of expensive memory elements; 

 store generator PBA in memory and using shift registers obtain the necessary 

number of rows and then columns shifts; this method has a very low performance; 

 use other known methods, each of which has a high hardware complexity or poor 

performance. 

The results presented in this paper will allow the construction of equivalence class PBA 

generator with stored in memory thinned matrices. Such approach will drastically reduce the 

complexity of the cyclic shift device since the number of elements in matrices decreases four 
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times. Furthermore, such a device can be implemented on the basis of switches. It allows 

performing necessary number of cyclic shifts of rows and columns in one clock cycle. Thus, 

the discovered properties of thinned matrices of equivalence class will allow creating cost-

effective schemes of generators for PBAs of different orders. 
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