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CALCULATION OF THE STABILITY FLAT SHAPE
BENDING OF THE RACING CAR FRAME STRUCTURAL
ELEMENTS IN THE CIRCULAR ARCHES FORM

B.®. Opooben, O.M. Jlumapenxo, A.FO. Baxcanoea, B.B. Xampaii, A.A. Ilonomapenrxo. Po3paxyHok Ha cTilikicTh IJI0CKOi hopMu
3rUHAHHS eJIeMeHTiB KOHCTPYKIIi paMH FOHOYHOI0 aBTOMOOLISI y BUIVISINI KPYroBUX apok. Jlis MiIBHILEHHS MIIHOCTI Ta )KOPCTKOCTI
XapaKTePUCTHK IMIAPHIPHI €IEMEHTH KOHCTPYKTHBHUX EJIEMEHTIB TOHOYHHMX aBTOMOOUIIB MAalOTh BEJIMKE CIiBBIJIHOLICHHS OCHOBUX MOMEHTIB
iHepLii rornepevHux mepepisiB. B poOoTi oTprMaHa METOIMKA PO3B's3aHHS KpalOBUX 3aBJaHb CTIHKOCTI IJIOCKOI (JOPMH 3rHHAHHS CJIEMEHTIB
KOHCTPYKI[ii TOHOYHHX aBTOMOOLUIIB y BHIVISAII KPYrOBHX apoK 3 Iepepi3aMu, IO MaloTh JeKijgbKa oceil cuMmeTpii. B aBTOMOOLIIX Kiacy
dopmyna 1i eIeMeHTi € HalOLIBII BiAMOBITAIEHIMY 32 O€3MeKy JKUTTS 1 HEYIIKODKEHICTh JIFOUHU-TIII0TA. B poOOTi BUKOHAHO iHTErpyBaHHS
CHCTEMH JIBOX JU(EpeHIiaIbHUX PIBHAHB CTIMKOCTI 3a3HAUCHMX KOHCTPYKTHBHUX €JIEMEHTIB paMH F'OHOYHOTO aBTOMOOLUIS Y BUTJISAI KPYrOBUX
apok ab0 KPHBONIHIMHUX CTepXkHiB. J[s1 IOCHI/KCHHS BHKOPUCTAHO YHCENbHO-aHANITHIHMN METOJ TPAHWYHUX EJIEMEHTIB PO3pOOICHHI
npodecopom Opobeem B.d. B crarti HaBeneHo 1Ba BapiaHTH cucTeM (yHAaMEHTaIbHUX OPTOHOPMOBAHUX (YHKIIN 1 audepeHIiantsHux
PIBHSIHb CTIMKOCTI KPyroBHX apoOK 3 TOCTIHHUMH KoedillieHTaMH sKi OTpUMaHi B XOMi JOCHiKEHb. 3aauy CTIHKOCTI KOHCTPYKTHBHHX
€JICMEHTIB TOHOYHHMX aBTOMOOIUTIB IO 3@ CBOEI0 I'€OMETPIi€l0 BiAMMOBIJAIOTH KPYTOBHM apKaM BHPIIICHO YMCJIOBHM METOIOM IO HaOyBae
CTPIMKOTO PO3BUTKY, METOA Ma€ TEOPETUUYHO JOBEICHI TouHi pimeHHs. OTpuMaHe B XOMi JOCTIKEHb PIBHAHHSA MOXKe OyTU 3aCTOCOBAaHE O
BHUPIILICHHS {y)KEe CKJIIHHMX 3aBJaHb CTIMKOCTI PI3HOMAHITHHUX KOHCTPYKIIiH, 1[0 MICTSTh CTEP)KHI, OKPECJICHI 110 y3i Koja. PiBHAHHS MOXXHA
3aCTOCOBYBaTH JUIsl PILICHb Ay)XE CKIAJHUX 33/a4d CTIHKOCTI PI3HUX KOHCTPYKILIH, IO MICTATh CTEP)KHI, OKpecieHi mo ay3i koma. Taki
KOHCTPYKTHBHI €IEMEHTH BUKOPHUCTOBYIOTHCS B 6araTb0X KOHCTPYKIIISIX TATy3eBOr0 MAIIUHOOY/TyBaHHSI.

Knouosi  crnosa: kpalioBi 3aBOaHHs CTIHKOCTI, cHCTeMa JiHIMHMX [OuepeHLiaJbHUX pIBHSAHB i3 3MIHHMMH KoedillieHTamu,
(yHIaMeHTaIbHI OPTOHOPMOBaHI (DYHKLIT, METO/ TPAHMYHHX €JIEMEHTIB, TOHOUHHMIT aBTOMOO1ITB, popMyIia, pama

V. Orobey, O. Lymarenko, A. Bazhanova, V. Khamray, A. Ponomarenko. Calculation of the stability flat shape bending of the racing
car frame structural elements in the circular arches form. To increase the strength and rigidity of the characteristics, the articulated elements
of structural racing cars have a large ratio of axial moments of inertia of the cross sections. The method of solving boundary value problems of
stability of the flat form of bending of racing car structural elements in the form of circular arches with sections having several axes of symmetry
is obtained. In Formula Class cars, these elements are most responsible for the safety of the pilot. The system of integration of two differential
equations of stability of the specified constructive elements of a car racing frame in the form of circular arches or curvilinear cores is executed in
work. The numerical-analytical method of limiting elements developed by Professor V.F. Orobey was used for the research. The article presents
two variants of systems of fundamental orthonormal functions for differential equations of stability of circular arches with constant coefficients
obtained during research. The problem of stability of structural elements of racing cars on the geometry corresponding to circular arches is solved
by a numerical method acquiring rapid development; the method has theoretically proved exact decisions. The equation obtained in the course of
research is applicable to the solution of very complex problems of stability of various structures containing rods delineated along the arc of a
circle. The equations can be used to solve very complex problems of stability of various structures containing rods drawn along the arc of a circle.
Such structural elements are used in many designs of industrial engineering.

Keywords: boundary value problems of stability, system of linear differential equations with variable coefficients, fundamental
orthonormal functions, boundary element method, racing car, formula, frame

Introduction
In order to improve the strength and stiffness characteristics, the pivot elements of the structural el-
ements of the race cars have a large ratio of the axial moments of inertia of the cross sections (Fig. 1).
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In this case, the design of the space
frame satisfies the conditions of strength
and rigidity, but at the same time, there is
a possibility of loss of stability of the flat
form of bending. After buckling, the bar
structural element experiences two bends
and torsion. Variable cross-sections often
lead to various breakdowns and the pos-
sibility of safe operation. Therefore, the
problem of preventing such phenomena
remains urgent.

Analysis of literary data and
problem statement

The problem of the stability of the
plane bending of rectilinear bars with
sections in the form of a narrow strip was
formulated in the 19th century. The out-
standing mechanical scientist S.P. Timo-
shenko made a significant contribution to
solving the problems of stability of thin-
walled I-beams. Professor V.Z. Vlasov [1] generalized the theory of spatial stability of rod elements.
Note that it was not possible to use the constructed theory for a long time, since the corresponding dif-
ferential equations had variable coefficients and their integration ran into serious mathematical diffi-
culties. This problem found its effective solution only with the development of a numerical-analytical
version of the boundary element method (BEM), which allows mathematically rigorously and accu-
rately solve boundary value problems for linear homogeneous and inhomogeneous differential equa-
tions with variable coefficients [2 — 5]. If for rectilinear rods various solutions of differential stability
equations have been accumulated, then for curved rods - circular arches there are no fundamental
functions-solutions of the Cauchy problems of stability of a plane bending form. Thus, the construc-
tion of a system of fundamental orthonormal functions for problems of stability of structural elements
in the form of arches is an urgent problem.

Purpose and tasks of the research

The aim of the presented work is to construct a system of fundamental orthonormal functions for
problems of stability of a plane bending form of structural elements of a racing car frame in the form
of circular arches with sections with several axes of symmetry. This goal involves solving the problem
of integrating the corresponding system of differential equations.

Development of a digital solution to the problem

The system of equations for the stability of a flat form of bending of a circular bar with sections
having two or more axes of symmetry prof. V.Z. Vlasov is reduced to the form [1]:

Fig. 1. Frame of a Formula racing car

ElLo" (o) + EL, g (o) + [MZ (o) —%} 0" (a)=0;
R R

EI M

EI 0" (o) +GI,0" () + {MZ (o) — ?}} o"(a)=0,

where EI, — horizontal bending stiffness xOz (Fig. 2); o(a) — bending movement of the bar axis
along the axis Oz; EI, — sectorial stiffness of the section under constrained torsion; R — radius of the

axis of the circular bar; 6(a) — angle of twisting of the section around the axis Ox ; M _(a) — bending
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moment in a section caused by a given shear load,;
GI, — torsional stiffness; o — angular coordinate

of the current section.

The task can be significantly simplified if we
use the numerical-analytical version of the BEM
[2 — 5]. In this method, you need to have a solution
to the Cauchy problem for equation (1), but with
constant coefficients. Let us outline the procedure
for integrating a simplified system of equations.
The initial parameters of constrained torsion and Fig. 2. Design scheme of the problem of stability
bending in the horizontal plane are as follows: of a circular bar

GI,0(0) — twist angle, kNm’;

GI,0'(0) — twist angle derivative, kNm’;

B, (0)= —%e“ (0) — bimoment, kKNm’;

2

f ] . . . .
k= % — bending-torsional characteristic of a section, 1/m;

M (0)= —% 0" (0) — flexural torque, kNm;

2
EI »(0) — displacement of the section in the direction of the axis Oz, kNm’;
El,0/(0)= EI (0) — section rotation angle, KNm’;
Echo"(O) =-M ,(0) — horizontal bending moment, KNm;
El,0"(0)=-0.(0) — lateral force in the horizontal plane, kN.

These initial parameters and the system of equalizations (1) form the Cauchy problem of stability
of the plane of the bending shape of a circular bar. To form fundamental solutions to the Cauchy prob-
lem, we will perform a number of transformations.

It follows from the second equation of system (1) that (M _ = const ):

1

EI
Y —1
[ ’ R j

By integrating this expression twice, we obtain the relationship between the bending displace-
ment @(o) and the twist angle 6(a) :

o"(0) = [-E1,6" (o) + GL,0" ()] ()

o(a) = ;EI/[—EIU)OII (a)+GI,0()]+ (4 -+ B) ! TS (3)
M. ——- —
° R ° R
Here the integration constants are equal:
El, ,
B=|M, e o, + El,0"(0) - G1,6(0);
4

EI
A= ( M, - T] o)y, + E1,8"(0)~ G1,6'(0).
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Substitute w(;, rom (2) to the first equation of system (1), then we obtain the resolving differen-
tial equation of stability of the plane form of bending of a circular bar:

—z,0.0 +-z,0,

I
(@) (@) T =20

@ =0, (5)
where:

EI,-E, EI,-GI, EI GI,

= ; Z, = + y Zy =
EI EI R
M -—= M. -—=
R R

oM

Equation (5) is classified as a linear homogeneous differential equation with constant sixth order
coefficients. Its solution can be obtained according to the standard scheme. The characteristic equation
for (5) has the form:

Z

(6)

(=z)t* +z,t* + 2> =0. @)

Its roots are of different types. Let’s look at two of the most important root combinations.
First case:

t,,-o — real multiples;

2

-z, +4zz

—2 19 two real roots; 8)
-2z,

2
et Z, +4/25 +4z,z,
56— ~L

2z,

We write the general solution of equation (5) in the form:
0(a)=C, +C,-a+C,chaa+C,shao + C; -cosbo + C,sinba., ©)]

2
—z, +4lz; +4z,z
where a = 2 2 =2
-2z,
We differentiate expression (9) five times, taking into account the relationship between the initial

parameters and expression (3), and for the constants of integration we compose a system of linear al-
gebraic equations C, —C;:

I+

Z34 =

two minimal roots.

(10)

1 2 3 4 5 6
1 1 1 C 9(0)
1 a b C, 6(0,
B,
2 _bz C _ o0k
“ ’ GI,
a vl o | =] e 0D
Gl,
M
(0)
4s, Ass Cs - Ey]y
QZ(O)
Ag Ags Cs - Ely
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where the elements of the coefficient matrix have the form:
a’(-El,a* +GlI,) b*(ELb* +Gl,)
A53 = EI 4 ASS = E] >
M, ——> M, ——>
R R (12)
a*(—El,a* +Gl,) b*(EI b +GlI,)
A64 = EI > 66 = E] :
M. ——= M, ——2
° R ° R

After solving the system of equations (11), the integration constants are written in the form:
C -0 — a’+b’ _Qz<0> LN + X _Mww)k2 )
270 2 2 2 2 >
xb" —x,a EI, xb"x,a Gl,

C3 = b2 2| M))(O) } - x2 |:_ Bm(o)kz :|9

xb* —x,a EI, xb’x,a’ Gl,

c - b’ 3 0.0 _ ae) _ ]‘/[w(O)k2 . (13)
Y a(xbt - x,a) El, a(xb’x,a’) GI, |
C.= a Mo x _Bw(0)1c2 )
> oxb-xa’| El Vx,a| GI, |
X, xa | ) x,b°x,a 4

C = 91 _ az _ QZ(O) n X _ Mcu(())k2
6 ¥(0) 2 2 2. 2 >
b(xb”—x,a”)| EI, | b(xb x,a”) Gl,

where indicated:

a’(-El a* +GlI,) b*(EI b’ +GI,)
X, = L ; X, = b . (14)
)7 — )7 —
R R

The constants C, —C, are substituted into the expression for the twist angle 6(a) (9), and then

four parameters of bending (using expression (3)) and four parameters of constrained torsion with re-
spect to the corresponding initial parameters can be formed. After normalizing the fundamental func-
tions, these expressions can be conveniently represented in matrix form as follows:

1 2 3 4 5 6 7 8

El, o, 1 1 | o | —4; | -4, -4, |4 El 0,
Elo, | 2 1 | -4, | -4, A4y, | Ay | EL0q,

M, ., 3 A, 4, A, Ay M,

Qz(a) _ 4 Ay A, A4, Ay Qz<0) (15)
GI,9, 5 —Ay | —A4y | 1 | o | -4y | -4y | GLO,
G1,6(, 6 —A, | 4 1 | -4, | -4y | GI1,9,

B, 7 A, A4, A, A, B,

M 8 Ay Ay, Ay Ay M,

where the fundamental orthonormal functions take the form:
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272 2 X 2 Xy

(@ +b")+b 7 chao +a pE; cosba, GI,
EI ~°

M -2
R

4, = » €=

2 2
xb" —x,a

—ab(a® +b*)ca+b* L shao +a* *2sinba
A = a b .
a ab(x,b’ — x,a*) ’

X X
k*(x, +x,)c—k’x, a—;ch ao.+k’x, b—gcosba +(x,b* —x,a°)ca EI,

A =

17 9

xb* - x,a’ GI,

k*ab(x, + x,)ca —k’x, % shao —k’ax, ;—5 sinba + ab(x,h* — x,a> )ca El,

A. =

18 >

ab(x,b* — x,a*) Gl,
x,b* shaa — x,b’ sin ba
0= ab(x,b* —zx a’) b= At A=
1 2
_ —k’xx,bshaa + k’xx,asinba. EI,
> ab(x,b* — x,a*) GI,’
_ [-xx,(chaa —cosha)] El,
x,b* —x,a’ Gl,’
4= x,ab’ shaa. + x,a’bsinba. 4 X% (ash ao.—bsinba)k® EI,
s B xb* —x,a’ Gl,
—-b*(1-chaa)—a’(1-cosha) EI
A=Ay Ay = Ay A=Ay A= xlbz_xzaz ‘GI:‘
_—b*(aa—shaa)—d’(ba—sina) GI, 4= [x,(1-chaa) + x,(1—cosba)lk®
x,b* - x,a’ El, Y ’
_ [bx,(ao. —shbaa) + ax, (ba — sin ba)lk’ ]
ab(x,b* — x,a*) ’
_ (=x,ashao +xbsinbo)k® Gl
o x,b* - x,a’ szIy T

y _a’b’(chaa—cosba) GI, L s

73

A,=4

44 = 335

_ x,b*chao - x,a’ cosha.
A33 - 4 A37

2 2
xb" —x,a

(16)

b

2 2
xb” —x,a

b

A

54

xb* —x,a’
4 - ab’shao +a’bsinbo. GI,

63 2 2
xb” —x,a El,

Asg

2

A

64

=4

535

A =4

57

2 2
—x,a” chao + x,b” cosha.

2

xlb2 —x2a2 szIy ’ 7 _k_z’ 77 xlbz —x2a2
4 - Ay 4 = a’b’shaa +a’b’sinba. GI,
78 k2 s 3 xlbz _ xzaz sz]y )

—x,a’ shao.— x,b’ sinbo._

b

A84 732 A87 xlb2 _xzaZ

A88 =A77~

Expression (15) is the resolving equation he BEM for solving boundary value problems of stabil-
ity of a flat form of bending of a wide variety of structures in the form of individual arches, rings, ring
systems and combined arch systems.
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Discussion of the proposed approach to solving stability problems
Case. M, =const.

This case for circular arches is very rare and is possible only when the supports are hinged and
loaded with concentrated equal bending moments. In this case, equation (15) can be used directly for
the entire structure according to the BEM algorithm [2 — 7].

The case when M _there is some function of the angular coordinate.

For arched structures, this is the most common case. Here you need to have an analytical expres-
sion of the function M _(a). The simplest way to construct this function is, again, according to the

BEM algorithm [5, 6], where the procedure for calculating the function M _(o) of existing loads is
described in full detail. Then the arch is divided into n parts. In each part, the values M _ of the bend-
ing moment are calculated according to the known expression so that the area of M _ the stepped figure
is equal to the area of M _ the actual diagram. If this condition is met, then at » >30 practically accu-
F, [2-5].

rate results of critical loads are obtained M s> o

tors 2
Conclusions
The analysis of the presented material shows that it is possible, within the framework of the algo-
rithm of the numerical-analytical version of the BEM, to construct a resolving equation for the stabil-
ity problems of the plane bending of circular rods, which are used as structural elements of racing cars.
This equation can be applied to the solution of very complex problems of stability of various structures
containing rods, outlined along an arc of a circle.

Jlitepatypa

1. De Backer H., Outtier A., P. Van Bogaert. Buckling design of steel tied-arch bridges. Journal of Con-
structional Steel Research. 2014. Vol. 103. P. 159-167. DOI: 10.1016/j.jcsr.2014.09.004.

2. Louise C.N., Md Othuman A.M., Ramli M. Performance of lightweight thin-walled steel sections: theo-
retical and mathematical considerations. Advances in Applied Science Research. 2012. Vol. 3, Issue 5.
P. 2847-2859.

3. Pi Y.-L., Bradford M.A. In-plane stability of preloaded shallow arches against dynamic snap-through
accounting for rotational end restraints. Engineering Structures. 2013. Vol. 56. P. 1496-1510. DOI:
10.1016/j.engstruct.2013.07.020.

4. Becque J., Lecce M., Rasmussen K. J. R. The direct strength method for stainless steel compression
members. Journal of Constructional Steel Research. 2008. Vol. 64, Issue 11. P. 1231-1238. DOI:
10.1016/j.jcsr.2008.07.007.

5. Andreew V. L., Chepurnenko A. S., Yazyev B. M. Energy Method in the Calculation Stability of Com-
pressed Polymer Rods Considering Creep. Advanced Materials Research. 2014. Vol. 1004-1005. P.
257-260. DOI: 10.4028/www.scientific.net/amr.1004-1005.257.

6. Artyukhin, Yu. P. Approximate analytical method for studying deformations of spatial curvilinear bars.
Uchenye zapiski Kazanskogo Universiteta. Physics and mathematics. 2012. Vol. 154. P. 97-111.

7. Orobey V, Nemchuk O, Lymarenko O, Piterska V, Lohinova L. Taking account of the shift and inertia
of rotation in problems of diagnostics of the spectra of critical forces mechanical systems. Diagnostyka.
2021, 22(1), 39—-44. DOL: http://doi.org/10.29354/diag/132555.

References

1. De Backer, H., Outtier, A., & P. Van Bogaert. (2014). Buckling design of steel tied-arch bridges. Jour-
nal of Constructional Steel Research, 103, 159-167. DOI: 10.1016/].jcsr.2014.09.004.

2. Louise, C.N., Md Othuman, A.M., Ramli, M. (2012). Performance of lightweight thin-walled steel sec-
tions: theoretical and mathematical considerations. Advances in Applied Science Research, 3, 5, 2847—
2859.

3.Pi, Y.-L., & Bradford, M.A. (2013). In-plane stability of preloaded shallow arches against dynamic
snap-through accounting for rotational end restraints. Engineering Structures, 56, 1496-1510. DOI:
10.1016/j.engstruct.2013.07.020.

MACHINE BUILDING



12

ISSN 2076-2429 (print)

[Mpani Opecbkoro nojitexHivHOTO yHiBepeutety, 2021. Bur. 2(64) ISSN 2223-3814 (online)

. Becque, J., Lecce, M., & Rasmussen, K. J. R. (2008). The direct strength method for stainless steel

compression members. Journal of Constructional Steel Research, 64, 11, 1231-1238. DOI:
10.1016/.jcsr.2008.07.007.

. Andreew, V. L., Chepurnenko, A. S., & Yazyev, B. M. (2014). Energy Method in the Calculation Stabil-

ity of Compressed Polymer Rods Considering Creep. Advanced Materials Research, 1004-1005, 257—
260. DOI: 10.4028/www.scientific.net/amr.1004-1005.257.

. Artyukhin, Yu. P. (2012). Approximate analytical method for studying deformations of spatial curvilin-

ear bars. Uchenye zapiski Kazanskogo Universiteta. Physics and mathematics, 154, 97-111.

. Orobey, V., Nemchuk, O., Lymarenko, O., Piterska, V., & Lohinova, L. (2021). Taking account of the

shift and inertia of rotation in problems of diagnostics of the spectra of critical forces mechanical sys-
tems. Diagnostyka, 22(1), 39-44. DOI: http://doi.org/10.29354/diag/132555.

OpoGeii Biktop ®emnopoBuy; Viktor Orobey, ORCID: http://orcid.org/0000-0002-2001-2274

JIumapenko Onexcanap MuxaiinoBuy; Oleksandr Lymarenko, ORCID: http://orcid.org/0000-0002-1806-3128
BaxanoBa Anacracis FOpiiBHa; Anastasiia Bazhanova, ORCID: http://orcid.org/0000-0001-9189-4529
Xampaii Bagum BikropoBuy; Vadym Khamray, ORCID: http://orcid.org/0000-0002-1365-6979
ITonomapenko Annpiii AnaroaiiioBuy; Andriy Ponomarenko, ORCID: http://orcid.org/0000-0003-4642-4696

Received September 18, 2021
Accepted November 11, 2021

MAIINHOBYAYBAHHS



