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Solving a thermal conductivity equation for piecewise homogeneous medium for the case
of multidimensional space were considered. An initial problem was reduced to an integral
equation (the essence of dynamic model) which was solved in the class of increasing
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Introduction

A considerable number of field theory problems are reduced to solving a thermal
conductivity equation [1-3]. These problems involve those related to the computation of
thermal fields of motors and components of electronic equipment [4, 5]; optimization of
thermal conditions in rolling mills [6-8]; and determination of thermal flows in heat-and-
power equipment in gas (oil, etc.) network systems [9].

In practical applications, it is sometimes required to solve a thermal conductivity
equation for piecewise homogeneous media (ie, a set of homogeneous material layers).
Computation of thermal fields in composites or analyses of soil thermal conductivity are the
examples of such problems. An analytical solution for the problem mentioned (for the case of
one-dimensional space) was described previously [10]. This paper expands and generalizes
the result of that work for the case of n-dimensional space.

Statement of Problem

It 1s required to find the solution of a thermal conductivity equation

0 _ ()3 O (1)

which meets the initial condition
u(x],xz,...,xn,tl:o =F(x],x2,...,xn) (2)
and boundary conditions (in the form of reduction conditions)

u(x],xz,...,xn,tlxlzo :u(O,xz,...,xn,t), (3)
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u(x],xz,...,xn,t) :u(x],O,...,xn,t),

x,=0

3)

0= u(x],xz,...,O,t),

n

u(x],xz,...,xn,t)

1%x 1 ™x

kou' (x],xz,...,xn,tx . =ku' (O,xz,...,xn,t),
X =

2%x, -0 27x

k,u' (x],xz,...,xn,tx =k, u (x],O,...,xn,t),
Xy =

Q)]
k, “; (x],xz,...,xn,tx W k, u; (x] ,xz,...,O,t) ,
where k;,i = I,_n are positive constants,
2( ) afI npu xl.<0,
a\x; )= — 5
' ai npu. X, >0; i=Ln. 5)
Function F(x,,X,,...,x,) is subjected to the following limitation:
F(C).|Fr () < M expls®r?). ©6)
where r* = fo , M, & are positive.
i=1
We shall seek for a solution in the class of functions satisfying the inequality
max|u(x] ,xz,...,xn,t] <M, exp(c?o2 rz), 0<t<t, (7)
where
52
S =", 8
"Tag e ®
a, = max [al.l ,aiz] . 9)
Integral representation of the solution
We shall seek for a solution represented as follows (for x; <0):
t +00
u(x]’x2"”’xn’t): I{I_wIG(x] =15 X =8y X, _énat_f;ao)x (10)
0

<22 (&8, T )dE dE, . dE, YT +
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+ {j G =5~ Gyt~ 120X F (&, )dE, dE, . dE, (10)

and as follows (for x, >0)

u x]’x2’ Xl :_J'{J' J'G —&,%, =&y X, _énat_f;ao)x
%23 P&, Eyvvnny o7 )dE, dE, ..dE, fdT + (11)
+| { [5G~ &3, = vty ~ &1, X F(& o, ), dE, .S,

where

Glx,,%,5.00x, 150, ) = (—lyexp{— (Zn:xf]/@ag t)} : (12)
2\ magt =l

One can use a direct check to establish that this function satisfies equation (1) and initial
conditions (2).

It is necessary to select ¢ and w functions in such a way that u(x],xz,...,xn,t)function
satisfies the conditions for convergence of (3) and (4). In such a case, if ¢ and v satisfy the
following conditions:

|qo(x2,...,xn,tl <M exp[52 r(x, )] ,

|qo(x],.x3,..,xn,tl <M exp[52 r*(x, )] ,

(13)
(300000, 1t SM explo® (x,)] .
(0 e X 1) = | (Xl ) < M expl(6° 12 ) () — X1,
(!, o 1) = (s Xy ) < M exp(87 1 e (), — 2, (14
003510 = (] X Lot <M exp(6?n? Jr(, 1),
(3o, ) < (M) expls? 2 (x,)]}
(3,330, 8) < (M) expl6? 7 ()]} 15)

*

st ) <)oo ).
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|t//(x;,x;,...,x,’1,t] - |t//(x;’,x;’,...,x,’1’,t] <M exp(52 nz)x er{ - x,"]),

),

' ' ' "on " 2_2 ' "
|t//(x,,x3,...,xn,t]—|t//(x,,x3,...,xn,t]SM exp( n )x r(sz—x2

(16)

ceey

).

and limitation (6) is met, then u(x] ,xz,...,xn,t) function satisfies inequality (7).

" " 2.2 ’ "
|l// X5 X5 eees Xy ],tx | xz,x3,...,xn,tX£M exp(5 n )erxn -X,

It is easy to show that the integrals that dominate the integrals in (10) and (11) are not
convergent for any ¢ value. The following condition should be satisfied to make these
integrals convergent:

0<t<t,<[/(4a25?)] . (17)

In this case, J, in expression (7) would be determined by expression (8). Therefore, further in
this paper, we shall seek for ¢ and y functions in the class of functions satisfying inequalities

(13) to (16).
Reduction of the problem to an integral equation

Now we proceed to determine ¢ and y functions in formulas (10), (11). Here it should

be noted that the first term in formula (10) is a single-layer thermal potential, while the first
term in formula (11) is a double-layer thermal potential.

Based on the conditions (3) and the properties of a double-layer thermal potential (i.e.,
component x, =0 ), we may get the following:

j.{J.-EZJ.G(O,xz & Xy =&t =730, )} 202 (&, &y rnnEy T)dE dE, ...de:n}dr +

[ [ GlE 0 =y, =t =120 )X (G 0)dE dEy .y = 95t )+
[ [ GE 0 = v, =&t =120, X (&6 1) dE, G,

or
CD(X],xz,...,xn,t):
j{j ‘JGO Xy = s Xy = ol = T30 )% 267 9(81,655000,6,,7)dE, déz...dén}dﬁ (18)
) [ [ OE s~ By, = 30X F6 o £ 7 )G

J=1

where g, and a, are determined from (5) when i =1.

Based on conditions (4) and the properties of the normal derivative of the single-layer
thermal potential, it follows that:
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k, {q)(xlaxza---axn’t)_j'_';jG’] (é] s Xy = GpseerX, _én’t_r;al)x

F(&,&,0nE,oT)dE dE, .. dE} = k {hm—j jG’ XXy =y X, =&, 1= T3, )X

|+Ox

x2a; p(&,.&,,....E,,7)dE dE, ... dE, -
_J’.EZJ'G’] (é] Xy = Epseens X, _én’t_T;a2)xF(él’éz’m’é"’z—)dél = ---dén}-

(19)

After eliminating the function ¢ from the two last equations:

k, ¢(x1’---’xn’t)_li.'EZJ'Gé] (gl 2 Xy = &8ypees X, =&, _T;al)x
x F(&.&,...6,,7)dE dE, ..dE} =

v (20)
=—k, lim — er. _wJ'DdtJ' J'G)’C](x],xz—éé,...,xn—fé,t—tl;az)x

X —>+0 6x

XG(O,éz’—éz,---,én—én,f—ﬁal)dé- d&aal ayw(&,.6,,...6,,7)dE, &, dE, + 1,

where

I =—k, hm— dz'J._ J.G’ X5 Xy —&ypees X —én,t—r;az)x

x—+0 O x

X 2a22|:2(_ l)j_]J.'_'O;J.G’(gl ’52’ _52""’5;1 - gn”f;aj)x (21)
x F(&,&pn&, )dE dE, ..dE, JE] ...dE] -
[ G (6T~ gty £ X F(E G TG dE,

By direct calculation we can show that:

t
sd4a2a[dn [ [ Gl (5.3, ~ e, ~ £t~ 130,

xG(0,&) —&,,...&) =& t—1;a,)dE, ... dE! =

0

2
x]

n] 3/2(2\/_T t Tﬂ/2~([ p{_22_4a]2(t—r)_ (22)

—_EY nl
= (x, f,) _xf +4a§(t—z')z2 y xf +4a22(t—r)22 2 s
4a22(t—r) x; +4a,2(t—r)22 x; +4a,2(t—z')z2 '

—+

=

In this formula, the sign of the right side matches the sign of x, in the left side.
We denote by /, the first term in formula (20). Then
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2 2
a, k, a k\ai —a,
l//(xz,x3,...,xn,t)+

32
a, 27" a,

«[dr] Ky =y, = £t~ O 6 )dE,

L=-

(23)

where

L Y -ey S -& ) (24)
©) Jy . 2

) B 2 2 B 1
a (Z)_aZ JERPE p(Z)— (22 +a,2)3/2 (Zz +a22)3/2 . (25)

After substitution of 7, into (20), we obtain the following integral equation:

w(x,,x5,.0x,,t )= 2;13/2 (a k y jdrj _ij —&ypenX, — &t —T) X
1 2

(26)
xp(&,, 850l T )déz---dfn + £ X500, ).

After the limit of the derivative of /, is computed, we determine f function finally using the
following formula:

2

T x e YISt )

j=1

X F(E &y, JAE dE, .l +———2 ZI _JlélF é"f}’ .
2 ”T at2 J=1

. = S -& )

2 1=2 §]2+4a]2t22
X eXp -z _4 o, 4 .2 ' 2 4 2 2
0 ajt ajt & +4ajtz

27)

-1

2 4a% 222 2k 2
X(%] dz dg] dézdén (+]l n+2J' J'F él,éz, ’é )
| 2 (2\/_7 a a,t *

n

52 512 Z(xz _51)

_ =
4a’t 4(1,2 atz’ 4a j’t

o -
0
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(xz -$ )2 27)
x| (n—1) ”4a2(z)t dz pdé, dé, ...d¢
Solving an integral equation
Let us consider the following integral equation:
l//(xz,x3,...,xn,t ) = f(xz,x3,...,xn,t )+ AJ.{J.-_-O;J.KO()CZ —&,nx, =& 0t —r) X 28)
0

x(&),8,08,,7 )dE, . dE, JdT

We denote by H, the class of functions ¢(x,,x,,....x,,¢) that can be subjected to
Fourier and Laplace transformations. Denote

+o0 —ZmZu,x,
J’-_--J'e Tl X X, o 1)dy o, = Pl et 1), 29)

0

Pje_”'a(uz,ug,...,un,t) = puy,15,...0u,, p). (0

0

Initially, we assume that f € H,, and shall seek for the solution of equation (28) in H,. We
shall subject both sides of equation (28) to Fourier transformation. Then

t

~ ~

iyttt 1) = f (110,01, 1)+ AJ.KO(uz,up oty 8 =Tty 15yt 7)dT (31)

0

By direct calculation it is easy to show that:

! +00
jl?o(uz,u3,...,un,t—r):j-_--jKO(xz,x3,...,xn,t T exp{ 277,'21/1 }dxz...dxn:
0

(32)
16773/22u jp exp{ )e-7 ZM }dz
Now we shall subject both sides of equation (31) to a Laplace transformation. Then:
v, (uz,u3,...,un,p) f(uz,u3, 7 n,p)+ AI?O] (uz,u3,...,un,p)t/72(u2,u3,...,un,p), (33)

where
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© 2 3/2 p+4a22ﬂ:22u?
I?Ol(uz,uy...,un,p):J.e"”’KO(uz,uy...,un,t)dt: 2” ; ":2 -11. (34)
0 (a2 4 ) p+aain’)y u
=2
Therefore, from expression (31), we get:
N p+4a227722u]2.
W,y sttt p) = Sty 10s, et p):| v+ 22 (35)
p+da'n’ uf
j=2

2 2 2 2
a, —a, V_a] —a,
3/21 271,1/2&

Applymg the convolution formula to (35) gives the original function:

4ﬂ2uQV|—v)(af —azz)x

(v -1f

xjiujfexp{— 4ﬂ2d0(t—f)zn:u;:|df +8ra, u(af —azz)x
=

0 /=2

where u =

~

l/7(u2,u3,...,un,t):f(uz,u3,...,un,t)+

(36)
. ZM exp{ 4r*a*(z)(t—1) uf
= dz b f (gt 7)dT,
X'([ '([ (Z —a,) (z —az)(v z —alz) ) Xf(u2 ot T) !
where
2.2 2

It is apparent that the right side of the last equality increases with the increase in u, if
d,<0 and v <0. Therefore, in this case we cannot apply the formula of Fourier

transformation. Assuming that d,=b>>0 or v=-v >0, we shall apply the formula of
Fourier transformation to (36). Then

4ﬂ2uQV|—v)(af —azz)x

Wy, Xysen X, 0) = (X0 Xygpeos X, 1) + v
b -1)

t A
XJ'dTJ"_'OJZ;,“JZ'f(uz’“w' exp 2772u X; —477219 t z') (38)
0 J=

—271'21/! du,...du, +87Ta]u —a; jdrj jf Uy,Us,... n,r)exp{2niu}.x}}x
j=2

j=2
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az(z)zn:uf exp{ 4r’a*(z)t -1 ZM }
: =22 dzvdu,..du,, (38)

zZ
o0
=2
x j /
2 2 2 2 2.2 2
N ] _az)(vz —2)

but
f](uz,uy...,un,p):J.-EZJ.f(fz,é,..,,fn,r)exp{—2ﬂi§j xj}dfz...dfn. (39)

We shall substitute (39) in equation (38). Because f € H,, we can interchange the integrals
(i.e., interchange the order of integration) to get:

W(XZ’xfs""axnat):f(xz,x3,...,xn,t)+ 4772b2/,l(q\}2|—\1;))2(a]2 _aZZ)X
Ve —

X

S ey 8

{j _Jf Uy, Usyeensll,, T j_JZu exp{ 477b* ( t—r)iuj+2ni(xj -

_fj)uj] dé,...d¢, }dT++87Ta]/,t j{j jf £y Eornsl TN (40)

© ZZaZ (Z) +o0 n 5 |: 5 5 n 5 n
X X |- u,exp|—4r-a (t—7)) u; +2x ) \x, —
{.([(ZZ _alz) (22 —azz)(VZZZ _alz) j _OOJJ‘ZZ J p ( )]Zz J ]ZZ( J
— & Ju, ldu, ..du, dz{dg, ...dE, |dz.
Inner integrals in (40) can be computed exactly. Sequentially computing these integrals gives:

l//(xz,x3,...,xn,t):f(xz,x3,...,xn,t)+

1 oo 41
+4] { [ ROy =& v = Gx, =60t 1) [, :3,...,:,,,)d:2...dén}dr, @D
where
R(xz = &5 X3 = &350 X, _én’t):
_ 47 (M—v) 1 " (n _1)_ ;x.i exp| - zu
(V2 _1)2 2byrt 2b%¢ 4b2
(42)

n

- Zx? Zx
2 J
87Ta2 ,U7T J’ z ( _1) 2b2 exp| — 22— dz.

“ofmi) T

z —a2 v 22 —azz)a"”(z)

When solving integral equation (28), we have assumed that d, >0 or v>0. Solving these
conditions with respect to A gives the following solvability conditions:
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al (a] + a2)

A< Py

= Ay (43)

One can show that integral equation (28) cannot be solved for any f function, if 12> 4,.

Moreover, this equation always has a solution in the class of generalized functions, for
arbitrary A . It is a necessary and sufficient condition for the generalized function which is the
solution of equation (28) to be an ordinary function, that A satisfies (43).

Resolvent integral equation

We shall apply the name resolvent to the function defined by (42). Resolvent satisfies
the following integral equations:

! +00
R(xy, Xg0eenX, o 1) = Ko (X0 Xy, oo, 1)+ AJ.dTJ.'_'O;J.KO(XZ — &)X, — &t —T) X
0

X R(E,), &yennl,,T)dE, . dE

(44)

! +00
R(xy, Xy X, 0) = Ko (3,25, o0y X, )+ AJ.dTJ.-_-O;J.R(xz —&yeX, =&t —T) X
0

xKy(&y, &0, T)dE, . dE,.

(45)

Since a resolvent is defined if and only if d, >0 or v >0, equations (44), (45) are true
if and only if A > 4. To prove equation (44), we begin with substituting expression (41) into
equation (28). After interchanging the integrals and using the arbitrariness of function f € H,
one can arrive at equation (44). Equation (45) can be arrived at in a similar way.

Solving the integral equation in the class of increasing functions

We denote by H, the function space with functions ¢(x,,x;,...,x,,t) that satisfy the

following inequalities within —oo <x, <400, 0<¢<7;:
|qo(x2,x3,...,xn,tl <M exp[&zrlz(x)] , (46)

). (47)

where we denote by H,, r(x)= /Zn:xf , m = max Ux; ].
i=1

It 1s apparent that // € [, and that the functions that satisfy inequalities (15), (16)
belong to H, . It is easy to show that if F(x,,x;,...,x,

(6), then f (xz,x3,...,xn,t) defined by (27) belongs to function space H,. Now let us consider
integral equation (28), when f (xz,x3,...,xn,t) € H,. We shall seek for a solution of equation

|q0(x;,x;,...,x’ ,t)—qo(x;’,xg’,...,x,’;,tl < Mexp[&zmz] HZQx’ —x"

n

!

X

n

"

X

n

’ 14 14
DX s e 0 | 163 |5 125 |y o

) is a function which satisfies condition

(28) inclass H,. Let y(x,,x,,....x,,t) € H,. We shall introduce the following notation:
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K’y =y _Aj.dfj.'_'[;J.Ko(xz &t =&t =T) y(&yn &t —T)dE, . dE,, (48)
0
K"y =y+afde] - [RO,=&psx, =&t =) y(Eprrnnfy = T)dE, o dE, (49)
0
One can state that the following expressions are true:
KK y=y+afde [R(x,=&uox, =&t =) (Epsrnn§, 1 = T)dE, . dE,
0
_Ajdt]j._.JKO(xz — & x, —Et=1) (s &t = 1) [ (E )+
0
+jdrj-_-0;jR(x2 —&prox, —E 1, —T) Y&y &1, —T)E, . dE, |dE) .. dE! =
0
L (50)
=y +afde [ [R(x, = &psx, =&t =) 7 (&b, 1 —T)dE, . dE, -
0
—Afdn [ [ K6 = e, = &t = 1) (&t = 1) AL, )
0
= [ [+ [ Koo, =&, =&t =) x| [dT [ [R(x, =&, = &1ty =)
0 0
xy(&y,n,,T)dE, . .dE, |dE] .. dE!.
Taking into account that
J..EZJ.KO(XZ —52,...,)(” _gn’t_f)d§2"'d§n =0 ’ (51)
[ [ Rty = &prot, &, ~7)dE, ..dE, =0, (52)
one may prove that:
[at |- [ Kyl =&, =&t =1)| [de [ [R(E — & = £,1—7)
0 0
(53)

)y (EysrnnnT)dE, . dE,|dE . dE) =jdr] [ A&ty t) x
x jdr] [ [ Koy = &y = st 1) RE ~ Gl — oty ~7) |dEy .,

The last expression, actually, represents the interchange formula for two singular
integrals. Interchanging the order of integration for two singular integrals usually results in a
separation of an additional term. However, this is not true for the case considered here due to

the presence of two equalities, (51) and (52).
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After substituting expression (53) into formula (50) we get the following:
KK y=y+ ljdrj-;o;jy(fz,...,fn,T)[R(x2 — &y X, =&t —T)—
0

_Ko(xz —Cseer, _én’t_r)_lj'dtl J"EZJ'Ko(xz =&y X, =&t _tl) X
XR(E) =&yl = 6,0t —T)dE} . dE 1dE, .. dE,

However, on the basis of resolvent equation (44), the integrand is identically equal to zero.
Therefore,

KKy =y. (54)
Similarly,
KO_IK()}/ =7. (55)

After establishing the last two equalities, it is easy to solve equation (28), if f (xz,x3,...,xn,t)
1s an increasing function. Let us rewrite equation (28) using introduced notation (48):

K = £(x,,%;5..X,,1). (56)
We shall apply operator K *" to both sides of the equation. Then, taking into account (54):

w=K"f. (57)

Note that (57) represents formula (41) in symbolic notation. Therefore, a solution of equation
(28) is determined by formula (41) also when f e H,,if A <A4,.

Conclusion

The basic problem was reduced to determining functions ¢ and y in expressions (10)
to (12). As we have already noted, if f (x],xz,...,xn) satisfies condition (6), then function
F (xz,x3,...,xn,t), which is determined by expression (27), belongs to H,. Therefore, the

investigation of the solvability conditions for the problem is reduced to the analysis of the
coefficient of equation (25). However, it is easy to see that:

(al k, (alz - a22 ))/(2773/2 (al ky,—a, k )) < (al (a] +a, ))/(2 x¥? ) (58)

Therefore, function t//(xz,x3,...,xn,t) is determined by formula (41), and function

qo(xz,x3,...,xn,t) is determined by formula (18). On this basis, a solution of the initial problem

is completely determined.
It should be noted that in the case considered:

V= ((af —azz)—27t3/2 i)/(27t3/2 i): (a,k,)/(a,k,)>0. (59)
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Then the resolvent can be represented with formula (42), and the first term in this
expression becomes equal to zero. Correspondingly, seeking the function t//(xz,x3,...,xn,t) is

simplified.
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IHTETPAJIBHA JTUHAMIYHA MOJIEJIb PO3IIOBCIO/KEHHS TEIIJIA Y HIMATKOBO-
OJHOPITHUX CEPEJOBHUINAX JIJIA BUTIAAKY BAT'TATOBUMIPHOI'O ITPOCTOPY

C. A. TlonoxaeHKo

Opecbkuii HalllOHAJILHU MTOJITEXHIYHUH YHIBEPCHUTET,
mpocr. Illeruenka, 1, Onmeca, 65044, Ykpaina; e-mail: polozhaenko@mail.ru

Po3rissHyTO pO3B’s3aHHS  PIBHSAHHA TEIUIONPOBIAHOCTI JUIA  IIIMATKOBO-OIHOPITHHUX
CEpEeIOBUINl Y BUMAAKY 0araToBUMIpPHOro mHpocTopy. BuximHy 3agady Oyiao 3BEACHO 0
IHTErpaJIbHOTO PiBHSAHHS (CYTh JDMHAMIYHOI MOJIENi), pPO3B’SI30K SIKOT'O OTPUMaHO B Kiaci
3pocrarounx (QyHKIl#. BusHaueHO yMORBH, 3a SIKHX 3a7a4a Ma€ PO3B’A30K.
KiarouoBi cioBa: piBHSHHA TCIUIONPOBIAHOCTI, IIIMAaTKOBO-OJHOPIMHI CEpPEIOBUINA,
IHTerpajbHa TUHAMIYHA MOJICITh, PE30JILBEHTA, (DYHKI[IOHATBHUHN MPOCTIp.

HUHTEI'PAJIBHASL TMHAMUYECKASA MO/IEJIb PACITPOCTPAHEHUA TEIIJVIA B KYCOYHO-

OJTHOPOIHBIX CPEJAX JIUISI CIYYAA MHOI'OMEPHOT' O ITPOCTPAHCTBA
C.A. IlomoxxaeHKO

Opnecckuii HAIMOHAIBHBIN MOJUTEXHUYECKUN YHUBEPCUTET,
mpocr. Ilesuenko, 1, Onecca, 65044, Ykpauna; e-mail: polozhaenko@mail.ru

PaccMmoTpeHo peliieHre YpaBHEHHsI TEIUTOMPOBOJHOCTH ISl KYCOYHO-OMHOPOIHBIX CPE B
cllyyae MHOTOMEPHOTrO IpPOCTpaHCTBA. [IcxomHas 3ajaya CBeleHA K HHTEIPaJbHOMY
ypaBHEHHIO (CyTh AMHAMUYECKOH MOJEIH), PELICHHE KOTOPOro MOJNYYeHO B Kiacce
BO3pacTaoIuX GyHKIui. OnpeneneHb!l yCIOBHs pa3pelIiMOCTH 3a1a4H.

KiioueBble ciioBa: ypaBHEHHE TEIUIONPOBOTHOCTH, KYCOYHO-OAZHOPOAHAs —Cpera,
HHTErpaibHasl JMHAMUYECKass MOJIeNb, PE30JIbBEHTA, PYHKIIMOHATBHOE ITPOCTPAHCTBO.
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