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In article there are reviewed models of systems with self-organization, which use system’s
conditions in previous moments of time. The conditions are included in system as linear
combinations with coefficients, which are determined. Such linear combinations could be
reviewed as stabilizing controls according to the principle of feedback. As the controls
could be chosen not in one way, it is necessary to give additional conditions on controls’
properties as criteria of optimization. There is offered a new criteria for parametric
optimization of modeling of self-organizing nonlinear systems. There is shown an
algorithm for constructing such parametric controls in the low-order systems. There are
given examples.
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Introduction

One of the fundamental properties of self-organization [1] (in technical, biological,
economic, social systems, etc.) is the ability to copy or reproduce completed structures in the
process of evolution. Such versatility suggests the copy process is caused by relatively simple
properties of systems which generate it. It also gives hope to building a relatively simple
model of the studied phenomenon by using nonlinear dynamical systems of a special type.
Error can accumulate if templates are reproduced many times, this error leads to partial or
complete loss of templates due to nonlinearity of dynamical system. We can achieve that the
template will start to recover, if enter accounting of prehistory of system structure. Prehistory
is taken into account as a linear combination or mixing with the given parameters in a special
way. The template can be considered as the position of equilibrium of the system, and
prehistory — as control according to principle of feedback which aims to stabilize the
unknown position of equilibrium. One of the most efficient methods among many ones of
local stabilization of unknown cycles or positions of equilibrium (e. g. the review [2]) is the
Pyragas method [3]. However it has significant disadvantages [4]. A modification of the
Pyragas method is proposed in [5]. Note that the set of admissible stabilizing controls
generally consist in more than one element. That is why it is advisable to add criteria in the
form of additional requirements for controls.

The goal of this paper is a constructing a mathematical model of systems with self-
organization, in which disturbed (for whatever reason) process of reproducing stationary
forms that would be restored with the greatest speed.

The task. Construct an algorithm for computing the model parameters for which the
value of the recovery rate of original template adopted as the optimality criterion would be the
maximum under given constraints. It is assumed that the evaluation of the rate of template
loss is known.
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Main part

We assume that the copy of template in the system without self-organization is carried
out due to dynamic system of the form:

xn+1 :f(xn)a (1)

where x, e R", f:4—> Ac R", is a continuous vector function given on the invariant set

A. It is known [6] that a set is called invariant one for system (1) if x, € 4 implies

f(x,)eA.

Exact reproducing of template means that if x,=X then x =f(x)=2X,
X, =f(x)=X forall i=12,.... Thus, x, =X 1is a position of equilibrium of system (1)
and the correct copying means local asymptotic steadiness of this position of equilibrium. In
this turn, local asymptotic steadiness of under review of position of equilibrium means that all
of eigenvalues of the Jakobi matrix f'(X), called as multipliers, are contained in the central
unit circle. If this condition breaks down then any arbitrarily small error in determination of
intermediate copies x, after a few steps will lead to the fact that the system cannot reproduce
the template. Moreover, this template can be lost totally.

To ensure the local asymptotic steadiness of the position of equilibrium in original

system we can use the structure with self-organization which recovers the template by
principle of feedback. For example:

N N
X =fQax, ;.0),a;20, j=1,...,N,Ya =1. 2)
J= j=1
N
If x, ,,=X, j=1...,N, then Z;a X, =X, as convex combination with weights
=

a;, j=1,...,N,n f(X)=X.
The values of parameters a, and the value N are determined ambiguously and depend

on system’s multipliers. In [7] it is suggested an algorithm of this values’ choice which
minimize the number N . The article suggests an improvement of this algorithm such that
maximizes the rate of process of template’s recover. This algorithm is presented for case
N = 2. L.e. when system (2) has form:

x.,=flax, +a,x, ), a 20,a,20, a,+a,=1. 3)

n

To illustrate the algorithm idea let us at first consider simple linear system of the form:

X, =2x,. 4)

n+

System (4) has the position of equilibrium x, =0.
Without using of control solutions of this system form a divergent sequence {Z”xo} with

rate of increasing is 2" . (Fig. 1, a).

If we enter a control with parameters g, = %, a,

= % , then the system takes the form

xn+1 = xn + xn—l ‘ (5)
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Fig. 1. Behavior of dynamical system: a - x,,, =2x,;b - x,,, =—2x,

I.e. solutions (5) form famous Fibonacci sequence which diverges with lower rate:

(\/5—1 \/§_1<2'

2 2

n
) , because

Choosing different values for a, and a, we can minimize the rate of divergence of

process but we can't make it convergent.
The situation will change principally if system (1) has the form

X, =—2x,. (6)

n+l

Let’s find a common solution of equation (6): x, = (-2)"x,. The sequence {(—2)”x0} is
illustrated in Fig. 1,(b).

In this case, if we chose parameters q, =%,a2 =§ then the sequence of solutions of
. 1 2 oy 1 . .
equation x,,, =—2 gxn+§xn_l will diverge, although more slowly, then original (Fig. 2, a).

: 1 1 . .
If we enter control with parameters a, = &= the sequence of solutions of the equation

x,., =—x,—x, , will be bounded (Fig. 2, b). By choosing parameters q, =§,a2 =%, we will
get a sequence of solutions of the equation x,,, = —2(§xn+%xn_lj which will be convergent
(Fig. 3).

Thus, the use of averaging over time of the linear system (path) reduces the rate of
divergence and for (6) makes a divergent process from vergent.

For realization of suggested idea of averaging over system’s path, in common case of a
nonlinear system, let us apply a method of linearization [6]. For research of stability of
position of equilibrium x, = X of system (2) let us consider the linearized system

N
xn+1 = f'(x)zl ajxn—jﬂ H (7)
J=
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where f'(X) is the Jakobi matrix, which is calculated at position of equilibrium X .
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Fig. 2. Using of control with parameters for system (6):a- @, =—,a, =—;b- a,=—,a, =—
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Fig.3. Using of control with Fig. 4. Comparison of dependency p on | y| with
2 1
parameters a, BERCAT) for system i fferent values a,,a,: 1 —with a, =2, a, =l, 2-
3 3
(6) |
with a, =a, =5 3 —with g, =31, a, =2-43.

The characteristic equation for linearized system in a neighborhood of the equilibrium
position X of system (3) can be written as [8]:

N
det /'LNE—f'(X)Zaj}LN‘j}:O. (8)
j=1
For our case, N =2, we get

@[/12 —u, (@, +a,)|=0. )
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where p;,j=1,...,m are the eigenvalues of matrix f'(X).

Let any of the multipliers f'(X) be more than 1. Let us chose it as g, . In this case the
equation

/12—,ul(a1/1+a2):0 (10)

has necessarily a root greater than 1, because the left side of equation at 4 =1 that is less than
0, and at A=2y we can estimate the left side in the following way:
4’ — p(a,2u, +a,) > 2ul — u,, because a,2u, +a, <24, +1.

Then 24 —pu, >0 at g >1 and, by Rolle’s theorem, we get that on the interval
(1.24,) the equation (10) has a root greater than 1. That’s why it is inexpedient for this task to
consider the case u, >1. If all of x ,e(-L1l), then the position of equilibrium is stable
without the use of control. If x, e (=3,-1), j=1,...,m, then there exist [6] a,,a,, such that
the equation (3) at these a,,a, has all of its roots in the central unit circle, i.e. there exist
a,,a, such that if A —u(aA+ay)=0, p, €(-3,-1), then |/1| <1. It will, for example, at

2 1

a,=—,a,=—.

3 3
Let 4 be the largest among all absolute values of eigenvalues of Jakobi matrix f'(X),

which is calculated in position of equilibrium X . x” is called the spectral radius of matrix
f'(X).The value x defines the template loss rate.

The convergence rate of perturbed solutions to position of equilibrium is defined by the
maximum value of the modules of the roots of characteristic equation (9). If 1" ~ -3 then the

. 2 1 . e .
coefficients are q, zg,az zg Then the maximum root of characteristic equation (9) at

module, for example, at # =-2.99 equals 0.998, and the convergence rate therefore equals
1

0.998
Let us define p as distance from the origin to the most distant root of characteristic

~1.02.

equation (9) then let us accept that the rate of template recover equals p ' .

Let us define a dependence of this value on value of the template loss rate z" and
parameters of the system a,,a, (a,+a, =1). In case N =2 we will get a quadratic equation
which we can solve explicitly and find a function p(u). Considering that g <0 we will use
the function p(|4]).

We have

Ji=an, | <252

i) - e )
Hafud + Jaiue —a0-aul) Juf= 220

1

Let us note that for N larger than 4, it is impossible to write out the dependency p(| ,u|)
explicitly.
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. . 1
Figure 6 shows a chart p(],u|) at a, =§,a2 =% by a dotted line, at a, =a, =3 by

points and at a, = V31, a,=2- \/3 by a solid line.
Let us note that if | y| >3 then at N =2 it will necessarily need pq ,u|)> 1, that’s why in

this case in a system with self-organization N must be larger than 2. The coefficients

a, = z,a2 =% provide the template recover for any of ‘ ,u*‘ <3 but not always with maximum

3
rate (Fig. 4).

Let us formulate the task in the following way: the evaluation of template loss rate
HE (— ,u*,—l] is given and desired recovery rate p~' is given too. Find the minimum N and

coefficients a,,---,a, which provide the template recovery with the recovery rate p~' at

known loss rate of a template " and for any of u e (— ,u*,—IJ.
We can give an alternative formulation of the problem. Let x#" and N be given. It is

necessary to maximize the template recovery rate o~ through coefficients a,,---,a, choosing
N

them from the set {aj >0,j= 1,---,N,Zlaj = 1}.
=

Let us proceed to solving problems.
So, let p(| y|) be modulo the maximal root of the equation

A —u(ad+a)=0, u<0. (12)

Let us define the value

o= max {p(u)}-

It is required to minimize Hp(,u*)u by parameters a,,a, choosing them from the set
{(al,az): a,+a,=la 20,a, 2 O}.

At N=2 Hp(,u*)u =p(u") we get the minimum of the value p(x’) at condition of

equality of equation roots (12), i.e. when the correlation z = bzal) is performed.
Then 1
o' = min p(u’) = /4(1—;11)2 _2(-q) ’ (13)
a.a a; a,
where from
a, = *2 (14)
p +2
Since
a, =1-a,, then (15)
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P
a, =—; 16
= (16)
Put (14) in (11):
s s 2 9 g P
p = |u 1——5—), where from p~ =y |— s
p +2 p +2
then:
H=p2+2p . (17)
From (17) follow that

P =—1+41+u". (18)

Thus we explicitly get dependency of the maximal template recovery rate 1* on loss

rate of template 4"

1 1 1 *
—*=—*=—*(1+V1+# j, (19)
P —1+1+u H

and formulas for optimal coefficients too

L= 2(=1+4/1+ ") S 1 =2(=1++1+u") 20)
ﬂ* s ﬂ* .

1 2

Examples

As an example of applying the algorithm with the use of self-organized system let us
consider the system with logistic function f(x)=x — 4x(1—-x) which keeps point X =0.75

on any step of the copying (Fig. 5). Herein u = |f’(0.75)| = |— 2| = 2. Let us consider that the

value of point step i was defined with on error, 1.e. for example x, =0.7500001. Then last

copies will be much different than the template.
The system of self-organization must recover the lost template. If we accept parameters’

values as q, = %,az :% then from (11) it follows that the rate of template recovery equals

—~1.225. Let us find values of parameters a,,a,, in which the template is recovering with
P

maximal rate. From (18), (19) in " =2 we will get a, = V3-120.732, a, = 2-/3~0.238,

Pt 20732, :%(H\@) ~1.366>1.225 .
P

The exact recovery of template occurs on the interval n €[1,10]. It is expected that the
value of x,, is defined with an error of 1077 . Thus on interval n €[10, 40] the process of full
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template loss is demonstrated. The control is activated at the moment n =40 in form of
system of self-organization. On interval n €[40, 60] the process of template recovery occurs.

. . 2 1 .
For self-organization the following parameters are used a, = g,az = 3 (process is shown by

V3-1, a,=2-3

asterisk) and a, (process is shown by circle). It is seen that

parameters’ values a, = V3-1, a, =2- /3 are more efficient than values a, = %,az =% in
the sense of the rate of convergence.

X, » Xp10 * ®

0.9 * 0.9 ¥ N

0.8 . ’ 0.8 ' o v,

AR R RN AT RN RN T baererrereresr e, 02200099395'.50

0.7 * 0.7 * o ot

0.6 0.6 o

0.5 * 0.5 Y

0.4 0.4

0.3 T 03 e

0.2 02

0.1 0.1 *

. . . ,

10 50 60
Fig. 6. The dynamic of copy process which
described by the equations (1) and (2)

Fig. 5. Result of the copying without errors

and with the error 10~ which occurred on
10 step of the copying

In the next example let us consider the tent map [9] f(x)=x > —2|x —% +1 in which

the point X =§ is kept (Fig. 7). Wherein x = -2, the point’s value is defined with an error
e.g. x, =X +0.0000001.

Xn * xn e,
»
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Fig. 8. The dynamic of copy process which
described by the equations (1) and (2) for
the tent map

Fig. 7. The result of the copying without

errors and with the error 107" which
occurred on 10 step of the copying for the
tent map
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Let’s consider the vector case model of Markov-Ferhulst [10]

{xnﬂ =c, f(x,)+c, f(,),
Yun =Cuf(x,)+cnf(3,),

0.7 03
position of equilibrium of the system (21). Wherein x" =|/"(0.75)|=|-2|=2. We use the

i 03 0.7 0.75) .
where f(x)=4x(1-x), ¢, are elements of matrix C = . The vector 0.75 is the

control with parameters for self-organization a, = V3 -la, = 2-3 (Fig. 9) — process is

: o 2 1
shown by symbols ® and the control with parameters for self-organization a, = E,az = 3

process is shown by symbols *.

Fig. 9. The dynamic of the copy process for a vector case: ®- with parameters a, = V3 -1,

a, :2_\/5; * - with parameters q, =§, a, =%

The convergence of the template recovery process occurs with a larger rate for values of
parameters a, = NC la, =2~ NCR

Conclusion

This paper introduces an algorithm of definition of parameters’ values in system of self-
organization, which provide the maximal rate of recovering of the damaged template. The
structure of a mathematical model is suggested for describing of systems of self-organization.
For choosing of model’s parameters is suggested a criteria: the maximum of rate of the
convergence of recovering the template. The limit value of convergence rate is defined by
scatter of system’s multipliers. The algorithm is formulated for definition of system’s
parameters which optimize the rate of recovering the template with given value of scatter of
multipliers. In particular for the logistic map we found the optimal coefficients and we show
that the rate of recovering the template could be increased by 11.5%. The same result was
obtained the Markov-Ferhulst model.
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ONTHUMI3AIIISA TAPAMETPIB B CACTEMAX OIITUMM3AIII 3 CAMOOPTAHI3AIIIEIO

0.[. ®panikeBa

Opecbkuii HaIllOHATLHAHN MOJIITEXHIYHUI YHIBEPCHUTET,
np. lleBuenka, 1, M. Oneca, 65044, Ykpauna; e-mail: franjeva.lena@gmail.com

VY craTTi pO3MIAAAI0TECS MOJICII CHCTEM 3 CAMOOPTaHi3alli€lo, B SKHX BUKOPHUCTOBYIOTHCS
CTaHM CHCTEMH B IMONEpeNHi MOMEHTH 4acy. L[i cTaHW BXOISTH B CHCTEMY Y BHTIISAIL
JMHIHHUX KOMOiHamii 3 KoedilieHTaMu, IO MiAMATAIOTh O3HadeHHro. Lli JiHiAHI
KOMOiHAIlil MOYKHA PO3TIIAIATH SIK CTAOUTI3YIOUl YIPABIIHHS 32 TPUHIIUIIOM 3BOPOTHHOTO
3B’s3ky. Tak K Il ynpaBIiHHS MOKHAa OOMpaTH HE €AWHHM CIIOcOO0M, HEOOXiITHO
HaKJIaJaTH TOTIOMI>KHI YMOBH Ha BJIIACTUBOCTI yNPaBIiHb y BUTIISAAI KPUTEPIiB ONITHMI3aIIii.
3anponoHOBaHO HOBHH KpUTEPiM MapaMeTpHUYHOl ONTHUMI3allii MOJETIOBaHHS HENIHIHHUX
CHCTEM, 1[I0 CaMOpraHi3yloThCs. BKka3aHO  alroputM  KOHCTPYIOBAaHHS  TaKUX
MapaMeTPUYHUX YIPABIIiHb B CHCTEMAaX MaJMX MOPSIKiB. [[puBeneHi mpuKiau.

KirouoBi ciioBa: HemiHIfHI  JUHAMIYHI ~ CHUCTEMH, ONTHMajbHa  cTabimizarfis,
caMOOpraHi3ailis, MOJICIIOBAHHS

ONITUMM3AIUA TAPAMETPOB B CAMOOPTAHU3YIOIINXCSA CUCTEMAX

B

E.Jl. ®pan:xeBa

Onecckuil HAIMOHABHBIHN MOTUTEXHUUECKUI YHUBEPCUTET,
mp. HleBuenko, 1, r. Onmecca, 65044, Ykpauna; e-mail: franjeva.lena@gmail.com

CTaTb€ paccMaTpuBarOTCA MOJACIU CHUCTEM C CaMOOpFaHH?,aHPIeﬁ, B KOTOPBIX

HCTIONB3YIOTCS COCTOSTHHUSI CHUCTEMBI B MPEIIICCTBYIONINE MOMEHTHI BpPEMEHH. OTH
COCTOSIHUSL BXOJST B CHCTEMY B BHUJC JIMHCHHBIX KOMOWHAIMA ¢ Ko3dduuueHramuy,
MOJUICXKANUMH ONPEACICHHUIO. DTU JIMHCHHBIC KOMOMHAIIMU MOXHO PacCMaTpUBAaTh Kak
CTAOWITM3UPYIOIINE YIPABICHS 110 TIPUHITAITY 0OpaTHOW CBs3HM. Tak Kak 3TH yNpaBICHHS
MOXXHO  BBIOMpAaTh HE  €JIWHCTBEHHBIM  00pa3oM, HEOOXOJMMO  HAaKJIaJIbIBaTh
JIOTIOJTHATEIIFHBIC YCIOBHS Ha CBOWCTBA YIPABJICHWH B BHIE KPUTEPUEB ONTHMH3AIUH.
IlpennoxxeH HOBBIM KpUTEpUM MapaMeTPUYECKOW ONTUMM3ALUU  MOJEIUPOBAHUS
CaMOOPTaHM3YIOMINXCA HEJIMHEHHBIX CHCTEM. YKa3aH alTOPUTM KOHCTPYHPOBAHHS TaKUX
rapaMeTpUIEeCKUX yIpaBIeHUH B CHCTEMaX MajbIX MOPsAKoB. [IpuBeIeHbI MpUMEPHI.
KinrwueBble ¢jI0Ba: HEIMHEHHBbIC JUHAMHUYECKHE CHCTEMBI, ONTHMAJbHAs CTaOMIM3aIus,
CaMOOpPraHu3aIusl, MOJICIIUPOBAHUEC
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