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Automation of Control Processes
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MATHEMATICAL MODELS OF UNEQUIVALENT TECHNOLOGICAL PROCESSES AS
VARIATION INEQUALITIES AND THEIR CALCULABLE REALIZATION ON THE BASIS OF
METHODS OF OPTIMIZATION

Abstract. The approach to the solution of the class of spatially-distributed non-steady disparities which one is
offered make mathematical models of physical processes of a directional effect. The approach is grounded on
optimization looked up of a maximum of a Hamiltonian function from a function of space of a condition.
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C.J. Ky3unueHko, KaHJ. TEXH. HAyK

MATEMATNYECKUE MOIEJIN HEPABHOBECHBIX TEXHOJITOIT'MYECKHUX ITPOECCOB
B BUJIE BAPUAIIMOHHBIX HEPABEHCTB U UX YNCJIEHHASA PEAJIM3ALUA
HA BA3E METOJAOB OIITUMU3ALIUN

Annomauyusn. Ilpeonosicenvl mamemamuyeckue MoOenu Kiacca HepasHOBECHbIX MEXHONO2UYECKUX NPOYEccos 6
sude BapUAYUOHHBIX HEPABEHCMS, d makdce NooxXo0 K ux uuciennou pearuzayuu. I100x00 ocnosan Ha noucke
Makcumyma Gyukyuu I amunbmona om GYHKyull RpoCmMpancmed CoCmosHUlL.

Knrwouegvie cnosa: mamemamuieckas Mooeib, 8apUaylOHHOe HePaBeHCME0, NPUHYUN MAKCUMYMA, YHKYUOHAL.

C.A. Ilos0o)ka€eHKo, 1-p TEXH. HaYK,
C.J. Ky3HiueHKo, KaH]l. TEXH. HayK

MATEMATHYHI MOJEJI HEPIBHOBATOBHX TEXHOJIOTTYHUX TPOLECIB ¥
BUIJISI BAPIALIMTHAX HEPIBHOCTEM TA iX YNCEJIbHA PEAJIIBALIS HA BA3I
METO/IIB OIITUMI3AIII

Anomauyin. 3anponoHo8ano mamemamuyHi MoOeni KAACy Hepi6HOBAZOBUX MEXHONO2IYHUX Npoyecie y 6unsioi
sapiayiiHux HepigHOCMmell, a MAKO}C NIOXIO w000 ix uucenvHoi peanizayii. 11i0xio TpyHmyemvcsa Ha NOUWLYKY MAKCUMYMY

@yukyii F'aminemona 8i0 GpyHKyiti npocmopy cmaty.

Knrwouosi cnosa:. mamemamuuna mooennv, 6apiayitina HepiGHiCMb, NPUHYUN MAKCUMYMY, QYHKYIOHAI.

Introduction. Analysis of physical
phenomena characteristic for the class of
physical processes with a pronounced
directional operation (for example, the
propagation of waves of different nature in
heterogeneous environments, the
deformation of elements of mechanical
systems with variable structure, filtering
highly paraffinic crude in the layers with
partial conductivity of boundaries, etc.)
makes it possible to consider the apparatus
of wvariational inequalities [1-4] as an
adequate mathematical description of these
processes.

In this paper [5] we obtain and justify a
generalized mathematical model (MM) to study
a class of variational inequalities can be
represented as follows.

Mathematical model of process and
its transformation. Let the function

‘/’(t’z), defined on a bounded open set Q
© Polozhaenko. S.A., Kuznitshenko S.D., 2012

of the space R", n=1,2, with smooth boundary
I' and the time interval (0O,t,) for
t, <o, Q=Qx(0,t,), 2=Tx(0,t,) is the
solution of the variational inequality

vekK: m(Z)é’—W,v—y/ +

+(BG)w.v-y)+ j(v) - jlu) =

>(f,v—y) VveH (Q), (1)
w(0,2) =v,(7), Y
where the operator B(;/) specifies a linear

transformation B(y):H'(Q) > H'(Q) and is
defined by the bilinear form:

"oy ONV-w) | -
B N -y )= —.——=dz, (3
B w.v-w) i(zl Z & (3)
where f — the driving function of the process, for
which the operation (f, v - y) coincides with the
scalar product in L*(Q), i.e.
(f.v—y)=[[f@)v-w]do

Q
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(fv—y)=[[f@)v-yldr
r
where ' — hereinafter, for simplicity, restrict
ourselves to the tasks at the border; j() —
convex functionals defining the kind of physical
process in rheology and which are specified as
follows

i0=[el.2) Ay)dr,

iO=el. 2)-Ay)dQ . (4)

Q
In the relation (4) accept that () —is a
continuous function, A() - is continuous

differentiable or not having the properties of
differentiable functions.

Space of admissible functions ¢(-) and
A() are defined as AeL”(Q), AcL”(Q)
where it is assumed that ¢(-), () eL”(Q),
Q=Qx(0,t) and the spaces A and A are
Banach with respect to the norm

The proposed method for solving
variational inequalities of the form (1), (2) is
based on the proof of the following statements.

To find the optimal solution w(t, Z) of the
variational inequality (1), (2) there must exist a
nonzero continuous function p(t,z), so that at
any time tin the interval 0<t<T (T — time
of physical processes) the Hamiltonian function
H in the spatial domain Q (or on its boundary
I') would take the maximum value, where

H =((BG)W.7-v)+¢(D)—4@) -
—(6@.),7—7)-(f.@=7)) D)
Carry out a preliminary series of reforms to

simplify the original formulation of the
problem. Introduce the notation

ot.2)- Aly) =), olt,2)-Av)=D(v)
and

dy)=]@(y)dl, $(v)=[o(V)dr.

In addition, introduce an additional
unknown function 6(w,v), the structure
corresponding to the functionals j(-), such that

O, v),v-w)>0 VvekK.

Taking into account the executed

transformations introduce the relations (1), (2)
in the form
v eK:

[m(i)%‘”,v—wj+(B(y),v—w)+¢(v) p(y) -

~(O . v)v-y)=(fv-y) weK. (5

w(0,2) =y,(2), (6)

To solve the problem of finding a state

function y(t, Z), use an optimization procedure

of the Pontryagin maximum principle [6], for

which choose the following performance
criterion

.
J =min [ [|v—y/|dtdr. 7)
ro

The physical meaning of this criterion
follows from the next. The trial function v(t,7)

IS some approximation of the unknown function
v (t,Z), reflecting only the essence of physics
in the specific process. Therefore, the adequacy
of physical processes caused by the action of
functions v(t,z), and w(t, Z), is provided up to
the accuracy within the difference between these
functions. In this case, the integral difference
between the trial v(t,zZ) and the unknown
v (t,Z) functions can be regarded as a
quantitative measure or a penalty for the
deviation of the actual flow of the process from
its true value.

Obtain the necessary optimality conditions
of the problems (5) (6), (7).

According to [6], introduce a new
coordinate
o%c 2
—— =V~ 8
Fy el Al (8
Thus, the original problem will be

considered in(n +1)-dimensional space with the

equation of dynamics
vekK:

[m(ﬂ%‘”,v—e‘u‘j+(B(y),v—&)+¢(V)—¢(&)—
-0, V)V -y)=(f,V-y) YWeK, (9
where

v=(ow,..v,), V=(o,v,..

with the initial conditions
¥(0,2) = [0y, (2)].

V)
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Assume that we have found (t,z). This N,

condition corresponds to the relation m(z, )E -
T ~ o~ ~ ~
min ”|\7 _‘/7|2 dtdlr - J,., =J". _ \ é)[(B(}/)l//i'l//i)+~¢(l//i)_(f 'V/i)]évi ’
o - oV,
At t=7(0<7<T) perform a needle- i=01...n. (15)

shaped variation with the duration ¢ . As a result
of the variation performed the value of the
functional J (7) changes

jzjj|V—&|dtdF> I
ro

Write down the detailed result of the
variation

N =V -y =&{[(B)W .V —)+ (V) - () -
-0, 9.7 —y) - (f.(V-9))]- (B0 ) w)+
@) - OW)W)-(f. 7). (10
Express Vv through the variation and
optimal function of the state
V=y +&.

Substituting (11) into (9), obtain

vekK: [m(i)%,(&+5\7)—y7j =
=B, (7 + 7))+ (7 +V)-(w) -
(0, (7 + V) (7 + V)~ )~

~(f,7+&)-y) WeK (12
For further transformations wuse the

coordinate-wise analog (12)
v, eK:

(11)

[m(z)%,(@ +5Vi)‘f”?j=

= (B, 7 + )=, )+ (7, + ¥, )= (77,) -
_(9(‘/7i’(‘/7i +5\7i))’ (‘/Z +5\7i)_l/7i)_
_(f’(l/7i +5\7i)_l/7i) W, € K
1=0,1..,n. (13)
Expand (13) in Taylor series and restrict the

consideration with the quantities of 1-th order of
infinitesimality

~

m@i)[%*‘%j = (B(V)l/7iv‘/7i)+

+?(V§)—(faVZi)+ _
X Z o|B() 7. )ié’;gb(wi) (vl g
(14)

1=0,1..,n.
From (14) it follows that

Now turn to t =T . Define a variation of the
functionalat t =T

8l . =J3-1

= min

>0
or

Introduce the variable p(t,Z) so that when
t =T this condition is satisfied

~8 .y ==80(T)=(V,p),_. . (16)

Coordinate wise analog (16) is as follows
—8 .y ==60(T)=(V,, ;). i=01..n.

Since 5o(T)>0, in order to satisfy this
relation there should take place:

p°(T,z,)=-1 p,(T,2)=0,

where i1=0,1,...,n; j=1...,n.

Thus, if the optimal solution is not found,
then -8J<0, and for the optimal
solution —8J =0 is valid, since the variation of

functional must be zero for the optimal solution.
Associate a variable p(t,z) to the dynamic

equation of the process observed through trial
function v(t,Z). Find a variable p(t,z) which
satisfies
(80 (t,2), p(t,2)) =
=(8V(T,2),p(T.2)) = const .

T+e<t<T
Then we have
%(5\70, 2), p(t, 2)) {%’ 5t z)>+

+<—5Vp(t’z) ,5\7(t,2)>
ét T+e<t<T

Coordinate wise analog (17) is
" O (t,Z) 5 (.2

)

=0. (17)

Y

(18)
Substitute in (18) the value of the derivative

oovt2) M (t.2) from (15)
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m(zi)iﬁi x
Xga[(5(7)‘/7iv‘/7i)é)+v¢(‘/7i)_(fvV7i)]5\‘7i n
+25\7 op :
II—O,l (29)

Change the order of summation in (19)
m(zi)zn:&?i +
i=0

{Z; 5 5[(B(y)w.,w.)&+v?(w.) (f.w)l,
+%}=0, 1=0,1..,n
A
Finally get
B _
g

(v )5

Pi

¥ 2B, v)+ o) -
o7
i=0,1..,n

Note that this equation is the dual of (5),
and the variable p(t,z) is expressed through
the function of phase.

Again turn to the variation of functional (7)
at t=T

~8 . =(N(t,2),p(t2), , =

Replace the variation &V with the value
of (10), reduce by & and, since r can be
arbitrary, obtain

(BT )+ (7)) -
-(6(7,7).7 —y)-(f ( t//))), B,
~((B»)w.w)+ )~ (F.9)) D)., =0. (20)

From (20) it foIIows that the second
summand in it corresponds to the optimal
solution of the variational inequality (5). In the
case when the optimal solution w (t, Z) is found,
variation of functional J will be zero, i.e.
6J =0. Given this, the first summand in (20),
defined by the Hamiltonian function

= (B0 .V —w)+ () - o) -
~OW V)V -y (F.0-w))B), (1)
should take the maximum value. Thus, the

above statement is proven. Let’s show the
possibility of determining the maximum value

of Hamiltonian function.
Coordinate wise analog (21) is defined by

H = (B)W:. V. —y7, )+ 9(%) - p(7,) -
_(9(~i’\7})’\7} _V7i)_(f ’(vu _V7i)))’ 5i>’
i=01..,n (22)
To maximize the value of the function H ,
it’s necessary to set all the partial derivatives of

this function to zero by a testing variable
v(t, z), that taking into account (22) gives the
system of equations
a—H=0, i=01..,n.
oV,

Coordinate wise analog (22) contains
(n+1) of v, functions, (n+1) of 6, functions
and (n+1) of p, functions. Since the equations
(23) are only (n+1), and the unknown are
(3n+3), then the system (23) cannot be solved.
To solve (23) define also the partial derivatives

(23)

AH _ .
——=p., 1=01..n 24
26 p; (24)
oH OV - -
—=|m(Z,)—/,v, —v, |,
o0, { (Z)) P l//}
i=01..n (25)

In this case, the solution of (23) can be
obtained.

As a result ofthe reasoning done, the
scheme of the algorithm for solving variational
inequality (5) using the maximum principle can
be represented as follows:

1. The dynamic equation (9), subject to the
additional coordinate o is written down.

2. An auxiliary function (Hamilton) H in
accordance with the expression (22) is
compiled.

3. A test function

maximum H functions in accordance with the
expression (23) is determined. For the
redefinition of the independent variables 6 and
p the system (23) is supplemented with
equations (24) and (25).

4. The wunknown variable w(t,z) is
determined by the test variable v(t,Z), which

v(t,Z) that delivers

gives the maximum value of function H.
Conclusion. Thus, a method and an
algorithm implementing it is proposed for

167



Polozhaenko S.A. Published in the journal Electrotechnic and computer systems Ne 05(81), 2012 164 - 168
Automation of Control Processes

solving a class of variational inequalities, which
are mathematical models of the above physical
processes with a pronounced directional effect.
The proposed method is based on the
optimization procedure of the maximum
principle. The choice of optimality criterion for
solving the external problem is justified.
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